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Abstract. Let T be a semidirect product of the form Z™ xi p Z/p where p is 
prime and the Z/p-action p on Z n is free away from the origin. We will compute 
the topological i^-theory of the real and complex group C*-algebra of T and 
show that r satisfies the unstable Gromov-Lawson-Rosenberg Conjecture. On 
the way we will analyze the (co-)homology and the topological X-theory of 
the classifying spaces BF and BT. The latter is the quotient of the induced 
Z/p-action on the torus T n . 



0. Introduction 

Let p be a prime. Let p: Z/p — > Aut(Z n ) = GL(n, Z) be a group homomorphism. 
Throughout this paper we will assume: 

Condition 0.1 (Free conjugation action). The induced action of Z/p on Z™ is free 
when restricted to Z n — 0. 

Denote by 

(0.2) r = z n x p z/ P 

the associated semidirect product. Since T has a finitely generated, free abelian 
subgroup which is normal, maximal abelian, and has finite index, T is isomorphic 
to a crystallographic group. An example of such group T is given by Z p_1 x p Z/p 
where the action p is given by the regular representation Z[Z/p] modulo the ideal 
generated by the norm element. When n — 1 and p — 2, T is the infinite dihedral 
group. 

Let Br := F\ET be the classifying space of T. Denote by iT be the classifying 
space for proper group actions of T. Let BT = T\ET. The space _BT is the quotient 
of the torus T n under the Z/p-action associated to p. It is not a manifold, but an 
orbifold quotient. 

To compute the JT-theory of the C*-algebra, we will use the Baum-Connes Con- 
jecture which predicts for a group G that the complex and real assembly maps 

K°(EG) ^ K n (C;(G)); 

KO^(RG) ^ KO n (C;(G;R)), 

are bijective for n £ Z. The point of the Baum-Connes Conjecture is that it 
identifies the very hard to compute topological if-theory of the group C*-algebra 
of G to the better accessible evaluation at EG of the equivariant homology theory 
given by equivariant topological X-theory. The Baum-Connes Conjecture has been 
proved for a large class of groups which includes crystallographic groups (and many 
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more) in [T5]. We will later use the composite maps, where in each case the second 
map is induction with the projection T — > {1}. 

K m {C* r {T)) A K T n (ET) -> K m {BT); 

KO m {C;(T-R)) KO T m (ET)^ KO m (BT). 



Next we describe the main results of this paper. We will show in Lemma ITU1 (i) 



that k = n/(p — 1) is an integer. Let V be the set of conjugacy classes {(P)} of 
finite non-trivial subgroups of T. 

Theorem 0.3 (Topological ii'-theory of the complex group C* -algebra). Let T = 
Z™ x p Z/j? be a group satisfying Condition \0.1[ 
(i) Ifp = 2 



If p is odd 



K m {C* r {T)) 



K m {C;(T)) = 




m even; 
m odd. 

m even; 
m odd; 



where 



4v = ^— - — + - — ^ — + (p-i)-p*; 



2p 2 
2(P-l)*+ p -l (p-1) 



p fc-i 



2p 2 

particular K rn (C*(T)) is always a finitely generated free abelian group, 
(ii) There is an exact sequence 

0^ Pc(P) ^K (C;(T)) -^K (BT) ^ 0, 

where i?c(P) is the kernel of the map Rc(P) — > 1 sending the class [V] of 
a complex P -representation V to dimc(C <8>cp V). 
(Hi) The map 

Ki(C*(T)) Ki(BT) 
is an isomorphism. Restricting to the subgroup Z™ of T induces an iso- 
morphism 

Jfi(c;(r)) A Kxic^z^f/p. 

Remark 0.4 (Twisted group algebras). The computation of Theorem 10.31 has 
already been carried out in the case p = 2 and in the case n = 2 and p = 3 in [T71 
Theorem 0.4, Example 3.7]. In view of [171 Theorem 0.3] the computation presented 
in this paper yields also computations for the topological if-theory K*(C*(T, v)) of 
twisted group algebras for appropriate cocycles uj. One may investigate whether the 
whole program of |17j can be carried over to the more general situation considered 
in this paper. 

Remark 0.5 (Computations by Cuntz and Li). Cuntz and Li [T3] compute the 
if-theory of C*-algebras that are associated with rings of integers in number fields. 
They have to make the assumption that the algebraic number field contains only 
{±1} as roots of unity. This is related to our computation in the case p = 2. 
Our results, in particular, if we could handle instead of a prime p any natural 
number, may be useful to extend their program to the arbitrary case. However, 
the complexity we already encounter in the case of a prime p shows that this is a 
difficult task. 
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We are also interested in the slightly more difficult real case because of applica- 
tions to the question whether a closed smooth spin manifold carries a Riemannian 
metric with positive scalar curvature (see Theorem 10 .7|) . The numbers n appearing 
in the next theorem will be defined in (11.41) and analyzed in Subsection 11.31 



Theorem 0.6 (Topological Jf-theory of the real group C*-algebra). Let p be an 
odd prime. Let Y = Z" x TLjp be a group satisfying Condition \ 0.1\ Then for all 
m £E Z : 



KO m (C;(T;] 



^ fZP^- 1 )/ 2 © (®to K °m-l(*) ri ) rn even- 
\®to K °™-l{*) n rnodd. 
(ii) There is an exact sequence 

-> Kd 7 2,*(*) -»■ K0 2m (C* r (T;m)) K0 2m {BY) -> 0, 
(P)e-P 

where KO^ '(*) = ker (kO„ /p (*) -> A"O m (*)) S Z^- 1 )/ 2 . TTie exact 
sequence is split after inverting p. 
(Hi) The map 

K0 2m+1 (C; (r;R)) ^ K0 2m+1 (BY) 

is an isomorphism. Restricting to the subgroup Z™ of Y induces an iso- 
morphism 

K0 2m+1 (C;(r;R)) A K0 2m+1 {C* r {1 n p -R)f/ p . 

If M is a closed spin manifold of dimension m with fundamental group G, one 
can define an invariant a(M) G KO m (C* (G;R)) as the index of a Dirac operator. 
If Af admits a metric of positive scalar curvature, then a(M) — 0. This theory 
and connections with the Gromov-Lawson-Rosenberg Conjecture will be reviewed 
in Subsection II 2 .11 

Theorem 0.7 ((Unstable) Gromov-Lawson-Rosenberg Conjecture). Let p be an 
odd prime. Let AI be a closed spin manifold of dimension m > 5 and fundamental 
group r as defined in (|0.2j) . Then M admits a metric of positive scalar curvature if 
and only if a(M) is zero. Moreover if m is odd, then M admits a metric of positive 
scalar curvature if and only if the p-sheeted covering associated to the projection 
r — >• Z/p does. 

Example 0.8. Here is an example where the last sentence of Theorem 10 . 71 applies . 
Choose an odd integer k > 1. Let M be a balanced product S k XpK" where V acts 
on the sphere via the projection T — > Z/p and a free action of Z/p on the sphere 
and r acts on R" via its crystallographic action. Then its p-fold cover S k x T n 
admits a metric of positive scalar curvature since it is a spin boundary or since it 
is a product of a closed manifold with a closed Riemannian manifold with positive 
scalar curvature, and hence M admits a metric of positive scalar curvature. 

Remark 0.9. Notice that Theorem E21 is not true for Z 4 x Z/3 (see Schick [55]h 
whereas it is true for Z 4 x p Z/3 for appropriate p by Theorem 10.71 

The computation of the topological X-theory of the reduced complex group C*- 
algebra C*(L) and of the reduced real group C*-algebra C*(r;R) will be done in a 
sequence of steps, passing in each step to a more difficult situation. 

We will first compute the (co-)homology of BY and BY. A complete answer is 
given in Theorem 11.71 and Theorem 12.11 
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Then we will analyze the complex and real topological if-cohomology and K- 
homology of BY and BY. A complete answer is given in Theorem l3.3l Theorem l4.3l 
Theorem 15.11 and Theorem 16.31 except for the exact structure of the p-torsion in 
K 2m+1 {BT), K0 2m+1 (BT), K 2m (BT), and K0 2m {BT). 

In the third step we will compute the equivariant complex and real topological 
If -theory of ET, and hence the if-theory of the complex and real C*-algebras of T. 
A complete answer is given in Theorem l0.3l and Theorem lO.61 It is rather surprising 
that we can give a complete answer although we do not know the full answer for 
BY. 

Finally we use the Baum-Connes Conjecture to prove Theorem 10.31 and Theo- 
rem [nH] in Sections [TT] 

The proof of Theorem 10.71 will be presented in Section [T^l 

Although we are interested in the homological versions, it is important in each 
step to deal first with the cohomological versions as well since we will make use of 
the multiplicative structure and the Atiyah-Segal Completion Theorem. 

This paper was financially supported by the Hausdorff Institute for Mathemat- 
ics, the Max-Planck-Institut fiir Mathematik, the Sonderforschungsbereich 478 - 
Geometrische Strukturen in der Mathematik -, the NSF-grant of the first author, 
and the Max-Planck-Forschungspreis and the Leibniz-Preis of the second author. 
We thank the referee for his detailed report. 

The paper is organized as follows: 
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1. Group cohomology 

In this section we compute the cohomology of BY and EY for the group Y defined 
in (|0.2I) . It fits into a split exact sequence 



(1.1) l4Z"Al4z/Hl 

We write the group operation in Z/p and Y multiplicatively and in Z n additively. 
We fix a generator t € Z/p and denote the value of p(t) by p: Z n — > Z n . When 
wish to emphasize that Z™ is a Z [Z/p] -module, we denote it by Z" 

1.1. Statement of the computation of the cohomology. 

Notation 1.2 (EG and BG). For a discrete group G we let EG denote the clas- 
sifying space for proper G-actions. Let BG be the quotient space G\EG. 

Recall that a model for the classifying space for proper G-actions is a G-CW- 
complex EG such that EG H is contractible if H C G is finite and empty otherwise. 
Two models are G-homotopy equivalent. There is a G-map EG — > EG which is 
unique up to G-homotopy. Hence there is a map BG — > BG, unique up to homo- 
topy. If G is torsion-free, then EG = EG and BG = BG. For more information 
about EG we refer for instance to the survey article [3U] . 

We will write H m (G) and H m (G) instead of H m (BG) and H m (BG). 

Example 1.3 (EY and -Br). Since the group Y is crystallographic and hence acts 
properly on K n by smooth isometries, a model for EY is given by M. n with this 
T-action. In particular BY is a quotient of the n-torus T n by a Z/p- action. 

The main result of this section is the computation of the group cohomology of 
BY and BY. Most of the calculation for H*(BY) has already been carried out by 
Adem [5] and later, with different methods, by Adem-Ge-Pan-Petrosyan 5J. The 
computation of H* (BY) has recently and independently obtained by different meth- 
ods by Adem-Duman-Gomez [4]. We include a complete proof since the techniques 
will be needed later when we compute topological if -theory. 

Let 

N = t° + t + --- + t p - 1 eZ[Z/p] 

be the norm element. Denote by I (Z/p) the augmentation ideal, i.e., the kernel of 
the augmentation homomorphism Z[Z/p] — » Z. Let £ = e 27Tl / p 6 C be a primitive 
p-th root of unity. We have isomorphisms of Z[Z/p]-modules 

Z[Z/p]/N = Z[C] = /(Z/p). 

Define natural numbers for to, j, k € Z>o- 

(1.4) r m := rk z ((A m (Z[C] fe ) Z/P ) ; 

(1.5) a 3 := \{(t 1 ,...,e k )€Z k \t 1 + '-- + t k =j,0<t i <p-l}\; 

m — 1 

(1.6) s m := ^ a h 

3=0 

where here and in the sequel A m means the m-th exterior power of a Z-module. 
Notice that these numbers r m , aj and s m depend on k but we omit this from the 
notation since k will be determined by the equation n = k(p—l) (see Lemma [TT5 (i) ) 



and hence by Y. Note that ro — l,n = 0, ao = l,oi = k, sq = 0, s\ = 1, and 
S2 = k + 1. We will give more information about these numbers in Subsection 11.31 

Theorem 1.7 (Cohomology of BY and BY). 
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( i ) For m > 

H mr T) s | Zrm © ( Z /P) 8m ™ even,' 
1 Z r ™ m odd. 

(ii) For m > £/ie restriction map 

H m (r) -> H m (Z n p f' p 

is split surjective. The kernel is isomorphic to (Z/p) Sm if m is even and 
if m is odd. 

(Hi) The map induced by the various inclusions 

<p m : H m (T) -> H rn (P) 
(P)ev 

is bijective for m > n. 
(iv) For m > 

fZ Tm m even; 

Z r ™ © {1/p) p "- s ™ m odd, m > 3; 
m = 1. 

Remark 1.8 (Multiplicative structure). A transfer argument shows that the kernel 
of the restriction map H m (T) —> H m (1 n ) is p-torsion. Theorem II .71 together with 
the exact sequence (|1.14l) implies that the map induced by the restrictions to the 
various subgroups 

H m (T) H m (Z n ) © iP"(P) 
(P)ev 

is injective. The multiplicative structure of the target is obvious. This allows in 
principle to detect the multiplicative structure on H*(T). 

1.2. Proof of Theorem 11.71 The proof of Theorem 1 1.71 needs some preparation. 
Lemma 1.9. (i) We have an isomorphism of Z[Z/p]-modules, 

where the Ij are non-zero ideals o/Z[£]. 
We have 

Z£®Q = Q(C) fe ; 

n = k(p — 1). 

(ii) Each non-trivial finite subgroup PofTis isomorphic to Z/p and its Weyl 

group WrP '■— N-pP/P is trivial. 
(Hi) There are isomorphisms 

H^Z/p-Z^) ^>cok(p-id: Z n ->Z n ) = (Z/p) k ; 
and a bisection 

cok(p - id : Z n -)• Z") -=» P := {(P) | P C I\ 1< |P| < oo}. 

// me /ix an element s € T o/ order p, the bijection sends the element 
u € Z™/(1 — /o)Z™ to i/ie subgroup of order p generated by us. 
(iv) We have \V\ = p k . 

(v) There is a bijection from the Z/p- fixed set of the Z/p-space T™ := W^/Z' p l 

with H 1 (Z/p;Z p l ). In particular (T") Z//p consists of p k points, 
(vi) [r, T] = im (p - id : Z" ->■ Z n ). 

(to) r/[r,T] = cok(p-id: Z" -^Z n )©Z/p = (Z/p) fc+1 . 
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Proof, (i) Let iieZ™. Then N ■ u is fixed by the action of t 6 Z/p and hence is zero 
by assumption. Thus Z™ is a finitely generated module over the Dedekind domain 
Z [Z/p] /TV = Z[£]. Any finitely generated torsion- free module over a Dedekind 
domain is isomorphic to a direct sum of non-zero ideals (see j36l page 11]). Since 
Ij <g> Q = Q(C), we see rk z (/ 3 ) = p - 1. 



(ii) This is obvious. 

(iii) Since the norm element N acts trivially on Z™, we get 

cok(p-id: Z n ^Z n ) = H 1 {Z/p;Z n p ). 



We will show 



H\Z/p;Z") - H^I/p-H 1 ^)) - (Z/p) fe 



in Lemma ri.lOl|(i)[ One easily checks that the map cok(p — id: Z™ — >• Z") — 5- P is 
bijective. 



(iv) This follows from assertion (iii) 



(v) Consider the short exact sequence of Z[Z/p]-modulcs 



o -> z; -> r™ -> t; 1 -> o 



Then the long exact cohomology sequence 

(Z") z / p -> (M^) z / p -> (T p l f/ p -> H l {Z/p;Z n p ) -> if 1 (Z/p; 
is isomorphic to 

0^0^ (T") z / p -> (Z/p)* 1 -> . 



|(vi)| For (i,p) = 1 we have — 1)/(C — 1) € ^[C] x an d hence we get ker(p — id) 
ker(p l — id) = and im(p — id) = ii\\(p l — id). This implies 

[T,r] = im(p-id: Z n -> Z n ) . 



(vii) The isomorphism 

cok(p - id: z" ->• z") © z/p ■=» r/[r, r] 

sends (u, i) t-> us 1 . □ 

Next will analyze the Hochs child- Serve Spectral sequence (see [121 page 171]) 

El' j = H\Z/p;H\Z n p )) H i+j (T) 

of the extension (jl.ip . We say that a spectral sequence collapses if all differentials 
rf* J are trivial for r > 2 and all extension problems are trivial. The basic properties 
of the Tate cohomology H % (G;M) of a finite group G with coefficients in a Z[G]- 
module M are reviewed in Appendix [21 



Lemma 1.10. 



H\Z/p-W{Z n p ))= ir+^(Z/p;Z) = 



«i+-+*«,=j 

0<^,<P-1 



{Z/pY 3 i + j even; 
i + j odd. 



(ii) The Hochs child- Serre spectral sequence associated to the extension 
collapses. 



JAMES F. DAVIS AND WOLFGANG LUCK 



Proof, (i) There is a sequence of Z[Z/p] -isomorphisms 

H x {Z n p ) = hom z (iTi(Z£),Z) = hom z (Z^Z) = Z£, 

where /o(t)* : Z™ — > Z" for t £ Z/p is given by the transpose of the matrix describing 
p(t) : Z" — > Z™. The natural map given by the product in cohomology 

^H x {U l ) ■=> H j (Z n ) 

is bijective and hence is a Z[Z/f>] -isomorphism by naturality. Thus we obtain a 
Z [Z/p] -isomorphism 

W(T l p ) Si hJz n p ,. 
Given a non-zero ideal / C Z[£], There exists an isomorphism of Z( p j [C]-modules 

I ® Z( P ) A Z[C] ®z z (p) = Z (p) [C]. 

This is true since Z( p ) [£] is a discrete valuation ring, hence all ideals are principal. 
Since Z"» is isomorphic to a direct sum of ideals of Z[£], we obtain for an appropriate 
natural number k isomorphisms of Z[£] ®z Z/ p ) = Z( p ) [£]-modulcs 

IP(Z") ®z Z (p) S A J 'Z™ ®z Z(p) = A^Z[C] fc ®z Z (p) . 

For every Z[Z/p]-module M the obvious map 

/P(Z/p; M) -> H l (Z/p; M ® z Z (p) ) 

is bijective. Hence we obtain an isomorphism 

H\Z/ m W{Z n p )) = H\1/p-V1[Q k ). 

Since 

A*(0Z[C]))=(g)A*(Z[C]) 

k k 

and A Z (Z[C]) = for I > p, we get 

A J (Z[C]*)) = A £l Z[C]®---® A £fc Z[C]. 

0<^,<P-1 

Therefore we obtain an isomorphism 

H\Z/p;W{Z n p ))Si ff*(Z/p;A*Z[C]® — ®A<*Z[C])). 

0<^,<p-l 

Hence it suffices to show for l±, . . . , Ik in {0, 1, . . . ,p — 1} 

H* (Z/p; A fl Z[C] ® ■ • • <8> A £fc Z[C]) = iP+£i=i (Z/p; Z). 

This will be done by induction over j — Y) a —i la- The induction beginning j = 
is trivial, the induction step from j — 1 to j > 1 done as follows. We can assume 
without loss of generality that 1 < l\ < p — 1 otherwise permute the factors. There 
is an exact sequence of Z[Z/p]-modules 

-> Z ->■ Z[Z/p] ->• Z[C] -> o. 

where 1 S Z maps to the norm element N £ Z[Z/p]. Since this exact sequence splits 
as an exact sequence of Z-modules, it induces an exact sequence of Z[Z/p]-modulcs 

(1.11) 1 -> A' 1_1 Z[C] -)• A Zl Z[Z/p] ->• A Zl Z[C] -> 1, 

where the second map is induced by the epimorphism Z[Z/p] — >• Z[£] and the first 
sends u\ Au 2 A. ■ .Au^-i to u[ Au' 2 A. . .Au' li _ 1 AN, where u' b 6 Z[Z/p] is any element 
whose image under the projection Z[Z/p] — > Z[£] is This is independent of the 
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choice of the u' b -s since two such choices differ by a multiple of the norm element 
N e Z[Z/p]. 

We next show that the middle term of (jl.lip is a free Z [Z/p] -module when 
1 < h < P — 1- Since Z/p = {t , t , . . . , i p_1 } is a Z-basis for Z[Z/p], we obtain a 
Z-basis for A Zl Z[Z/p] by 

{t 7 1 / c z/p, \i\ = h}, 

where t J = t %1 At i2 A. . .At l 'i for I = i 2) . . ., } with 1 < i x < i 2 < . . . < ii ± < 
p — 1. An element s 6 Z/p acts on A ll Z[Z/p] by sending the basis element r to 
±i s+/ . The Z/p action on {/ C Z/p, \I\ = h} which sends I to s + I for s G Z/p, is 
free. Indeed, for s £ Z/p — {0}, the permutation of the p-element set Z/p given by 
a <— > s + a cannot have any proper invariant sets since the permutation has order p 
and p is prime. This implies that the Z[Z/p]-module A ll Z[Z/p] is free. 

We obtain from the exact sequence p. Ill) an exact sequence of Z[Z/p]-modules 
with a free Z[Z/p]-module in the middle 

1 -> A' 1_1 Z[C] <8> A^Z[C] <8> • • • ® A^Z[C] -> A Jl Z[Z/p] <g> A^ 2 Z[C] ® • • • <8> A £fe Z[C] 

A h Z[C] ® A^ 2 Z[C] ® • • • <8> A £fe Z[C] -> 1. 
Hence we obtain for i € Z an isomorphism 

tf l (Z/p; A*Z[C] ® • • • ® A £fc Z[C]) S (Z/p; A^- X Z[C] ® • • • ® A £fc Z[C]) . 
Now apply the induction hypothesis. This finishes the proof of assertion |(i)| 



(ii) Next we want to show that the differentials dp J are zero for all r > 2 and 



By the checkerboard pattern of the ^-term it suffices to show for r > 2 and that 
the differentials d®' 3 are trivial for r > 2 and all odd j > 1. This is equivalent to 
show that for every odd j > 1 the edge homomorphism (see Proposition IA.5[ ) 



is surjective. But H°(Z/p, H 3 (Z™)) = by assertion |(i)| so the norm map N = 
t J 'otrF : H 3 \Z n p ) z/p -> W{Z n p ) z /P is surjective (see TheorenEO) . so ^ is surjective. 
It remains to show that all extensions are trivial. Since the composite 

H i+j(Y) ^ ZT+i(Z") iT +J '(L) 

is multiplication with p, the torsion in H l+3 (T) has exponent p. Since p • = 
p • E % 2 — for i > 0, all extensions are trivial and 





i+j— m 



s 

i+j— m 



2 ' 7 



□ 



Proof of assertions (i) and (ii) of Theorem \1.7\ These are direct consequences of 
Lemma Eini □ 



Proof of assertion (Hi) of Theorem \1.7\ We obtain from [341 Corollary 2.11] to- 
gether with Lemma 11.91 (ii) a cellular L-pushout 



(1.12) 



II 



T/P !i- 



/ 

->£T 
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where iq and i\ are inclusions of r-CW-complexes, pr P is the obvious T-equivariant 
projection and V is the set of conjugacy classes of subgroups of T of order p. Taking 
the quotient with respect to the T-action we obtain from f)l . 12[) the cellular pushout 



(1.13) 



II 



(P)eP 



BP- 



-> BY 



.n 



-> BY 



(P)e-P * — 

where jo and j± are inclusions of CW-complexes, pr P is the obvious projection. It 
yields the following long exact sequence for m > 



(1.14) ->■ H Zm (BY) ^ H (Y) 



-> H 2m (P) 

(P)ev 

A ' 2 '" > jj2m+l 



(BY) 



H 



2m + l 



(T)->0 



where (p* is the map induced by the various inclusions Pcf for (P) G V. 



Now assertion (iii) follows from (11 . 14)) since there is a n-dimensional model for 



BY. 



□ 



We still need to prove assertion (iv) of Theorem 11.71 

In order to compute H*(B_Y), we need to compute the kernel and image of <p 2m . 

Lemma 1.15. Let m > 1. 

(i) Let K 2m be the kernel of ip 2m . There is a short exact sequence 



H 2m (l/;f/ p -» H°(Z/p-H 2m {Z n )) ->• 



H 2m (Z™) z /P 



where the first non-trivial map is the restriction of i* : H 2m (Y) 
to K 2m and the second non-trivial map is given by the quotient map ap 
pearing in the definition of Tate cohomology. It follows that K 2m = Z Tm . 
(ii) The image of ip 2m is isomorphic to 

kcr (ff 2m (r) ->■ H 2m {1 n p f/ p ^j Q)H°(Z/p;H 2m (Z n p j) = (Zjpf^K 
Proof, (i) Let /3 € H 2 (Z/p) = Z/p be a generator. Let L 2m be the kernel of 

- U n*{/3) n : H 2m (Y) ->■ H 2m+2n {Y). 
We first claim that K 2m — L 2m . Indeed, the following diagram commutes 

O i-i-i 



H 2m (Y) 



-40 



-Uir*(/8) n 



i v H 2m (P) 



Since dim(Br) < n, we have H l+2n (BY) = for i > 1. Hence the lower horizontal 
arrow is bijective by (|1.14[) . The right vertical arrow is bijective. Thus K 2m = L 2m . 
Recall that we have an descending filtration 



such that Fr,2m-l I F r+l,2m-r-X ^ ££2m-r_ R ecaA\ that E 

H 2 (Z/p) so that we can think of /3 as an element in E. 



3 p*™v 3 p 

2.0 



2m+l,-l 







2.0 



H 2 (Z/p;H°(Z;)) = 

pi,j 



Recall that E% 3 



by Lemma 11.101 (ii) From the multiplicative structure of the spectral sequence we 
see that the image of the map 



U7r*(/3)": H 2m {Y) ->■ H 



2m+2n 



(T) 
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lies in F 2n - 2m and the following diagram commutes 
(1.16) 



jpl,2m— 1 } ri2n+l,2m- 1 



H (T) 



-U77*(/3)" 



_4 pln^lm 



E Q,: 



-U/3" 





where the columns are exact. The upper horizontal arrow is bijective. Namely, one 
shows by induction over r = — 1,0, 1,..., 2m — 1 that the map 

/ . p2m—r,r ^ p2m — r+2n,r 

is bijective. The induction beginning r = — 1 is trivial since then both the source 
and the target are trivial, and the induction step from r — 1 to r follows from the 
five lemma and the fact that the map 

-U/3": E^- r - r = H 2m - r {Z/p;H r {Z™)) -> E%?- r+2n < r = H 2m - r+2n (Z/p; H r {Z n p )) 
is bijective. 

The bottom horizontal map in diagram (| 1 . can be identified with the compo- 
sition of the canonical quotient map 

H°(Z/p;H 2m (Z^)) -)• H°(Z/p;H 2m 

with the isomorphism 

-U/3**: H°(Z/p: H 2m {Z n p )) ■=> H 2n (Z/p; H 2m {Z n p )). 

So what do we know about diagram (jl. 16|) ? The top horizontal map is an isomor- 
phism, the kernel of middle horizontal map is L 2m , and the bottom horizontal map 
is onto. We conclude from the snake lemma that the middle map is an epimorphism 
and that we have a short exact sequence 

-> L 2m -»• E°J m -> E 2 ™> 2m -> 0. 

The first non-trivial map is the composite of the inclusion K 2m — L 2m C H 2m (T) 
with the epimorphism 

H 2m {T) -> E^ 2m = H 2m {Z n p f /p 

induced by the inclusion i: Z n — > T. We have already identified the second non- 
trivial map (up to isomorphism) with the quotient map as desired. Hence the 
sequence in assertion (i) is exact. Since the middle term is isomorphic to 1T m and 
the right term is finite, K 2m is also isomorphic to Z Tm . 



(ii) The exact sequence 



- kor (ff 2m (r) -)• i? 2m (Z") z / p ) -> H 2m (T) ^ H 2m {Z n p ) 



has the property that L 2m restricted to K 2m is injective. Thus we can quotient by 
K 2m and L 2m (K 2m ) in the middle and right hand term respectively and maintain 
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exactness. Hence we have the exact sequence 

(1.17) -> kcr (tf 2m (r) -> H 2m (Z n p f/ p ^j -> H 2rn (T)/K 2 



H a (Z/p;H 2m (Z")) -> 0. 



where we used assertion (i) to compute the right hand term. We conclude from 
Lemma 11.101 

(1.18) H°(Z/ P] H 2m (Z;)) £* (Z/p)°*-; 

2m 2m— 1 

(1.19) ker(fr 2m (r) ^i? 2m (Z^) z / p ) = 0^ = (Z/p) a ^ 

i=i j=0 

Since H 2m (T)/K 2m is isomorphic to a subgroup of 0(p) e p H 2m (P) by the long 
exact cohomology sequence (|1.14p it is annihilated by multiplication with p. Hence 
the short exact sequence (|1.17[) splits and we conclude from (I1.18P and (|1.19[) 



2m 



H 2m (T)/K 2m = 0(Z/p) a ^ = (Z/p) 



S2m + 1 



This finishes the proof of Lemma 11.151 



□ 



We conclude from the exact sequence (|1.14[) . Theorem II. 7l|(i)| Lemma LOl 
and Lemma 11.151 

Corollary 1.20. For m > 1 the long exact sequence 1)1.140 can 6e identified with 
-> Z r2m -> Z r2 ™ ©(Z/p) 52 '" -> (z/p) pfc -> Z^"* 1 ®{z/p) vk - S2m + i -> Z r2m + 1 -> 0, 



Proof of assertion\(w)\of Theorem\FT\ Obviously H°(BT) = Z. Since (Z™) z /p = 
by assumption, we get -ff 1 ^) = from assertion (ii) of Theorem ll.7l We conclude 
^(BT) = from the long exact sequence l)L~T5|) . The values of H m ( BT) for to > 2 
have already been determined in Corollarv l 1.201 Hence assertion (iv) of Theorem ll.7l 
follows. This finishes the proof of Theorem 11.71 □ 



1.3. On the numbers r m . In this subsection we collect some basic information 
about the numbers r m , aj and s m introduced in (|1 .4[) . ()1 .51) . and ()1.6)) . 

Since Z" acts freely on ET = M. n , we conclude from Lemma ITUl (i) and Propo- 
sition IA.4I 

r m = rk Q (A^(Q(C) fe ) z / p ; 
= rk Q (i/ m (SZ; l ;Q) Z/p ) 

= rk Q (i/ m (sr ; 

= rk Q (i/ m (P; 



Since Tate cohomology is rationally trivial, the norm map is a rational isomorphism, 
hence also 

(1.21) r m = rk Q (A^(Q[C] fe ) ® m/p] Q) . 

Lemma 1.22. (i) We have ro = 1. r\ = 0, oq = 1, ai = k, sq = 0, si = 1, 

and S2 = k+ 1. We get r m = for to > n + 1 and s m — p k for to > n. 
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(ii) If p is odd, we get 
2 Tm 



m>0 
m even 



m>0 
m odd 

If p = 2, we get 



2 (p-i)fe +p _ i [p- i) .pfc-l 
2p" + 2 

2 (p-i)fc +p _ 1 (p-l)^*- 1 
2p 2 



m>0 
m even 

r m = 0. 



ra-1. 



m>0 
m odd 



+ (-l) m -(p-l) /orO < m < (p- 1); 



fmj Suppose that k = 1. T/ien 

p \\ m 

r m — /or m > p; 

a m = 1 /or < m < p — 1; 

o-m — for p < m; 

s m — m for < m < p — 1; 

s m = p /or m > p. 

Proof. In the proof below we write A'F instead of ALV^ for a Q- vector space V. 



(i) This follows directly from the definitions. 

(ii) Suppose 1 < I < p — 1. By rationalizing the exact sequence (jl.lip we have the 
short exact sequence of Q[Z/p\- modules 

-> A i_1 Q[C] -> A'Q[Z/p] -> A ; Q[C] -> 0. 

Since A'Z[Z/p] is finitely generated free as Z[Z/p]-module (see proof of Lemma ll .10 (i) ) 
the following equation holds in the rational representation ring i?(j(Z/p) 

(1.23) [A'(Q![C]] + [A^Q[C]] = -[Q[Z/p]]. 
One shows by induction over I for < I < p — 1 

(1.24) [A'(Q[C])] = (-1)' • [Q] + i (( P j 1 ) -(-I)') -[Q[Z/p]]. 



Since ECq 1 (V) = 2*" 1 , we get 



i 

p-i 



(1.25) V|A 
Since 



i=0 



[Z/p]] if p is odd; 



[Q[Z/2]] P if/,: 2. 



A*(0Q[C])=(8)A*(Q[C]) 



A.- 



and A Z (Q[C]) = for Z > p, we get 



k 



(1.26) [A^'(Q[C] fc )] = £ n^WM)]- 



tl+-+tk=j »=1 

0<^i<p-l 
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We conclude from (|l~2"5|) and ([OBf 



5>" 

j>0 



k )] = E 

j>0 



e 



. -i+~+e k =j »=i 

\ 0<^i<p-l 



e n>" 

h,h, ■■■ylk *=1 
0<^,<P-1 

n e 

2=1 0<^i<p-l 



(([« 
[[Q[Z/2]]« 



[Q[z/p]] 



if p is odd; 
if p = 2. 



Since [Q] is the multiplicative unit in Rq(7,/p), and [Q[Z/p]] 1 = p l 1 
we obtain the following equality in J£q(Z/p) if p is odd: 

wf)] = Eff (2 " 1_ir 



[Z/p]], 



E[a j ' 



[Z/p]] J -[Q 



k—i 



[Q[z/p]] 



(1.27) 

If p = 2, we obtain 



- • -1 + 2 1 

p V 

2(p-i)fe _ ^ 
P 



-i)fc 



[Q[Z/p]]. 



E[A J '(Q[C] fe )] = 2*- 1 • [Q[Z/2]]. 

j>0 

There is a homomorphism of abelian groups 

$ : i? Q (Z/p) -> Z, [F] i ^ rk Q (y ® Q[z/p] Q) . 

By (TOT]) it sends Q, Q[Z/p], and [A m (Q[C] fe )] to 1, 1, and r m respectively. Hence 
we conclude from (|1.27l) 

n(p-l)k _ i 

(1.28) ^r m = " 



(1.29) 



E' 

rn>0 



P 

= 2 



1 for p odd; 
k - x for p = 2. 



If X is a finite Z/p-CW-complex with orbit space X, then the Riemann-Hurwitz 
formula states that 

x(X) = i x pO + -_-_: x (x z /p). 
p p 

One derives this formula by verifying it for both fixed and freely permuted cells. 
Applying Proposition IA.41 the Riemann-Hurwitz formula, and Lemma 11.91 (v) to 
the Z/p-action on the torus T n , one sees 

V m = X ((Z/p)\T m ) = + (p-l)p fc - 1 . 

m>0 



(1.30) 



EC- 1 )' 
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We conclude from (fTT2"gj) and (fOOT) if p is odd 

(1.31) £ r„ - 2<.-» +y -l + ( £ -l^ : 

m>0 ^ 
m even 

(1.32) £ r„ . 2 ""'; + "- 1 - 

m>0 " 
m odd 

If p — 2, we obtain from (|1 .29|) and (|1.30[) since n = k ■ (p — 1) 

(1.33) £ r ™ = 

m>0 
m even 

(1.34) Y, r ™ = °- 

m>0 
m odd 



(iii)| The first formula follows from (jl.2ip and applying the homomorphism $ to 



1.24)) . The rest of (hi) is clear from the definitions. □ 



2. Group homology 

Next we determine the group homology of the group T. Recall that for a Z[G]- 
module M, the coinvariants are Mg = M ®z[G] Z. 

Theorem 2.1 (Homology of Sr and BT). 

(i) For m > 0, 



Z rm © (Z/p) s ™+ 1 m odd; 
17 m m even. 



H m (T) = 

(ii) For m > 0, the inclusion map Z" — > T induces an isomorphism 



-H2m(Zp)z/p — > ^2m(r). 

fmj TTie map induced by the various inclusions 

H m {P)^H m {T) 
(P)ev 

is bijective for m > n. 
(iv) For m > 0, 

{Z'' m m odd; 

Z r - © (Z/ P y"- s ™+i m even, m > 2; 
Z m = 0. 

(uj Form > 1 </ie Zong eiaci homology sequence associated to the pushout (| 1 . 1 3|) 

0^H 2m (T) -^H 2m (BT) -> H 2m _i(P) 

{P)ev 

-> ff 2 m-i(r) -> flam-lGBr) -> 

can 6e identified with 

o -> z r2 - -> z r2m © (z/p)f fc - S2m + i -> (z/p) pfe 

-> Z 1 " 2 ™- 1 © (Z/p) S2m -> Z 1 " 2 "- 1 -> 0. 
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Proof. (ij||(iii)|[(iv) and (v) Recall there is a exact sequence 

(2.2) -> Ex4(i/ n+1 (X),Z) -> #„(X) ->• hom z (fP(X),Z) -> 

for every CW-complex X with finite skeleta, natural in X. This, Theorem 11.71 and 
Corollary 11.201 imply (iv) and (-\ 



(ii) Here again we use the Hochschild-Serre spectral sequence 



Then the Universal Coefficient Theorem, Lemma IA.11 and Lemma 11.101 (i) imply 
that for i + j even, 

W +1 {Z/ P -H 3 {T l p )) s H i+l {z/ P -H\u;y) = H-^CL/p-Wili;)) = 0. 
Hence £?f ■ = when i+ j is even and i > 0. Since H~ 1 (Z/p; 7f 2m (Z' 1 )) = 0, the 



norm map 



is injective. Thus _Eq , 



= i?2m(Z")z/p is torsion-free. Since for i > 0, 25^ is 



torsion, 



#2m(Zp) Z / p - £7 ,2m ~ ^02m ~ ^ #2m(r). 



□ 



3. if-COHOMOLOGY 

Next we analyze the values of complex -ftf-theory K* on BT and BT. Recall that 
by Bott periodicity K* is 2-periodic, K°(*) = Z, and K 1 ^) = 0. 

A rational computation of K*(BG) <8> Q has been given for groups G with a 
cocompact G-CW- model for EG in [2U Theorem 0.1], namely 



K m {BG) 



Y[H 2l+m (BG;< 



n n n^ 2 

, q prime (g)Gcon,,(G) i£Z 



\BC G (g)-q;) 



where con 9 (G) is the set of conjugacy classes (g) of elements g € G of order q d for 
some integer d > 1 and Co{g) is the centralizer of the cyclic subgroup (<?}. 

It gives in particular for G = T because of Theoreml 1 . 7| (ii) | and (i) and Lemma LOfl 



(3.1) 
(3.2) 



\(p-l)p fc . 



Recall that we have computed X^gz r2 ' anc ^ Szez 7 * 2 ^ 1 m Lemma 11.221 (ii) 



We are interested in determining the integral structure, namely, we want to show 

Theorem 3.3 (X-cohomology of BT and BT). 

(i) For m G Z, 



K m (BT) = 



(p-l)p k 



m even; 
m odd: 



Here Zp zs t/ie p-adic integers, 
(ii) There is a split exact sequence of abelian groups 







id K°(BZ^f/ p ^ 



if (AT) -> K a (B7L n fl v -> 
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(Hi) Restricting to the subgroup Z n of Y induces an isomorphism 

K\BY) K\BZ n p f /p 

and K 1 {BZ n p f/ p = Z^^ _ 
(iv) We have 

K (BT)=Z^'^ r2 '. 

(v) We have 

K^BY) = l£i& r *w qt 1 
for a finite abelian p-group T 1 for which there exists a filtration 
T 1 =T 1 1 DT 2 1 D---D T[| n/2)+1] = 

such that 

Tl/Tl +1 = (Z/p)** fort = 1,2,..., [(n/2) + 1] 

for integers t% which satisfy < t j < p k — S2i+i ■ 
(vi) The map K 1 (BY) — > K 1 (BY) induces an isomorphism 

K 1 (BT)/p- torsion A K^BY) 
Its kernel is isomorphic to T 1 and is isomorphic to the cokernel of the map 

K°(BY) ^ K°(BP). 

(P)ev 



The proof of Theorem 13.31 needs some preparation. We will use two spectral 
sequences. The Atiyah-Hirzebruch spectral sequence (see |43l Chapter 15]) for topo- 
logical if-theory 

= H\BY; K j (*)) => K i+j (BT) 
converges since BY has a model which is a finite dimensional CW-complex. We 
also use the Leray-Serre spectral sequence (see [431 Chapter 15]) of the fibration 
BZ n — s> BY ->• BZ/p. Recall that its £ 2 -term is E l 2 ' j = H l (Z/p; K j (BZ™)) and 
it converges to K i+ i(BT). The Leray-Serre spectral sequence converges (with no 
lim -term) by [321 Theorem 6.5]. 

Lemma 3.4. In the Atiyah-Hirzebruch spectral sequence converging to K*(BY), 

Z 1 " 1 i even, j even; 

t' 



Z r * © (Z/pp i odd, i>3,j even; 
i = I, j even; 

^0 j odd. 

where < t\ < p k — s; . 

Proof. Since BY has a finite CW-model, all differentials in the Atiyah-Hirzebruch 
spectral sequence converging to K*(BY) are rationally trivial and there exists an 
N so that for all i,j, = E^j . The i?2-term of the Atiyah-Hirzebruch spectral 



sequence converging to K* (BY) is given by Theorem 11.71 (i) 

{Z r% i even, j even; 

Z r * © [Z/pY k -^ iodd,i>3,jeven; 

i = 1, j even; 

j odd. 

A map with a torsion free abelian group as target is already trivial, if it vanishes 
rationally. Now consider (i,j) such that it is not true that i is odd and j is even. 
Then one shows by induction over r > 2 that Ep^ is zero for odd j and Z Ti for 
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even j, the differential ending at in the E^-term is trivial and the image of 

the differential starting at is finite, and Epi is an abelian subgroup of £y+i 
of finite index. Next consider such that i is odd and j is even. Then one 

shows by induction over r > 2 that the image of the differential ending at in 
the i? r -term lies in the torsion subgroup of £v+u *he differential starting at 
is trivial, the rank of -Eyi is fj and its torsion subgroup is isomorphic to Z/p* for 
some t with t < p k — Sj . 

This finishes the proof of Lemma 13.41 □ 



Lemma 3.5. 

(i) For every m £ Z, there is an isomorphism of U\L I p\-modules 

K m (B1 n p ) = 0i? m+2 '(Z; 1 ); 
l 

In particular we get 

K m (BZ n p ) z/p S Z^ r ™+ 2; . 



H\TLIp-K\BTL n p )) = £T(Z/p; iP +2 '(Z™)) 
fra) >W differentials in the Leray-Serre spectral sequence are trivial 




i + j even, 
i+j odd. 



Proof, (i) Since K*(*) is torsion free, Lemma 13.61 below shows that the Chern 
character gives an isomorphism 

ch m : K m (T n ) ^ fl^T*; #•*(*)) = 0# m+2Z (T") 

i-\-j=m I 

Since T n is a model for the Z/p-space _BZ™ and ch m is natural with respect to 
self-maps of the torus, ch m is an isomorphism of Z[Z/p]-modules. 

Since #™ +2Z (Z") z /p Z r ™+ 2i by Theorem Ep)| and [(Tjj assertion [g] follows. 



(ii) This follows from Lemma 11.101 (i) and assertion (i) 

(iii) Next we want to show that the differentials dfyi are zero for all r > 2 and 
By the checkerboard pattern of the i^-term it suffices to show for r > 2 that 

the differentials <i° J are trivial for r > 2 and all odd j > 1. This is equivalent to 
showing that for every odd j > 1 the edge homomorphism (see Proposition I A. 5| ) 

L j : K j {BT) -> K ] {BZ n p fl p = E°' j 

is surjective. To show this we use the transfer, whose properties are reviewed in 
Appendix El For j odd, H°(Z/p, = by assertion p)j Thus the norm 



map N — v 1 o trP is surjective, and so l j is surjective as desired. □ 

Let T-L* be a generalized homology theory and H* a generalized cohomology 
theory. Dold defined (see [16] and [27l Example 4.1]) Chern characters 

ch m : H i {X,Y;U j (*))^U 7n {X,Y)®q 

i-\-j—m 

ch m :H m (X,Y) -> £rpr,Y;W(*))®Q- 

The homological Chern character is a natural transformations of homology theories 
defined on the category of CW-pairs. When X = *, then ch m = iq: H m (*) — 
H m (*) <S> Z — > H m (*) ® Q, after the obvious identification of the targets. Hence 
these Chern characters are rational isomorphisms for any CW-pair. In cohomology 
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there are parallel statements after restricting oneself to the category of finite CW- 
pairs. (If the disjoint union axiom is fulfilled, finite dimensional suffices). 
A CW-pair (X, Y) is "H*-Chern integral if for all m, 

i q : U m {X,Y)^U m {X,Y)®q 

is a monomorphism, and ch m gives an isomorphism onto the image of iq. There is 
a similar definition of 7i* -Chern integral for finite CW-pairs. 

Lemma 3.6 (Chern character). 

(i) A point is %^-Chern integral if and only if is torsion free. 

(ii) If X is H*- Chern integral, then so is X x S 1 . 
Similar statements hold in cohomology. 

Proof, (i) If a point is 'H*(*)-Chern integral, then %*(*) —} H*(*) <X>Q is injective, 
hence (*) is torsion free. If %*(*) is torsion free, then iq is injective. Since 
ch rn — iq, a point is %»(*)-Chern integral. 



(ii) Consider the following commutative diagram with split exact columns. 



Hi{X x D^Ujl*)) 

i+j—ra 

T 



Hi(X xS^Hji*)) 

i-\-j=m 



chr, 



-*H m {X X D 1 ) (g)Q<- 
T 
I 
I 
I 



IQ 



■H m {X x D 1 ) 
T 



H m (X x S 1 ) 



i-\-j=m 



-> H m (X x (S\ D 1 )) ® Q <-5- H m (X x (S 1 , D 1 )) 





The columns come from the long exact sequence of a pair where D 1 is included 
in S 1 as the upper semicircle. The splitting maps are given by a constant map 
S 1 — > D 1 . It is elementary to see that the bottom row is isomorphic to 

ffi(Xi^(*))^^-i(X)8QA?^i(4 

i J rj=m—l 

Since X is H»-Chern integral, so are X x (Z? 1 ,^ 1 ) and X x D 1 . It follows that 
X x S 1 is H*- Chern integral as desired. 

One may also argue by using the fact that stably X x S 1 agrees with X V S* 1 V £ A 
and the property %*-Chern integral is inherited by suspensions and wedges. □ 
Proof of Theorem \3.3\ (iv)|(v) These assertions follow from the Atiyah-Hirzebruch 
spectral sequence converging to K* {BY) using Lemma 13.41 

(ii)|(iii)|[(vi) We first claim that for all m S Z, the inclusion l: Z™ — >• T induces an 
epimorphism 

L m : K m {BT) -»• K m {BZ n p f' p 
and K m {BI^f-/P = Z^'« Tm+2l .JNe will also show that for m odd, the map i m is 



an isomorphism. By Lemma 13.51 (iii) the Leray-Serre spectral sequence collapses, 



so E 2 ' m = E^ m . Hence the edge homomorphism i m is onto (see Proposition lA.5P 
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The computation of A' m (£?Z™) is given in Lemma [6. 5 1 (i) Now assume m is odd. 
For any i > 0, E l 2 m ~ l = by Lemma EE5l(ii)l Hence H m (BT) = E^ m , so the edge 



homomorphism is injective. We have now proved assertion (iii) of our theorem 



We next note that for all m S Z, the kernel and cokernel of the composite 

K m (BT) -> K rn (BT) -> K m {BZ n p f/ p 

are finitely generated abelian p-groups. This follows from Proposition IA.4I and the 
following commutative diagram 



BI n = T n x goo 



BY = T" x z/p S c 



■ T n = K n /Z" 



^BT = M"/r 



By Lemma ll.9l (iv)| the number of conjugacy classes of order p subgroups of T 
is p k . By the Atiyah-Segal Completion Theorem (see [5]) 



(3.7) 



K m (BZ/ P ) 



I c (Z/p) ® Zp = (Zp)P- 1 if m even; 
if m odd. 



where Ic(Z/p) C Rc(Z/p) is the augmentation ideal. Hence 

K°{BP) = (Zp) ( -P^P k . 
(P)ev 

We are now in a position to analyze the long exact sequence 



(3.8) -»• K°{BT) A K a (BT) ^ K°(BP) A K^BT) ^ K 1 (BT) -> 

(P)ev 

associated to the cellular pushout (|1.13|) . We will work from right to left. 

Since ^{BT) = J ftT 1 (BZ") z /P is torsion free, it follows that the kernel of 
equals T , the p-torsion subgroup of K (BT). By exactness of (|3.8[) . T 1 also equals 



the cokernel of tp° . This completes the proof of assertion (vi) 



We showed above that ker/ = im S° is a finite abelian p-group. It follows 
that ker 5° = im <p° is also isomorphic to (Zp)( p_1 ) p since any finite abelian p- 
group A is p-adically complete, and hence a Zp-module, a Z-homomorphism from 

(Zp)^ -1 ^ — >• A is automatically a Zp-homomorphism and Zp is a principal ideal 
domain. 

Consider the commutative diagram with exact rows 







■*K°(BT) 



-^K°(BT) 



-> im ip 



->0 







->0- 



->0. 



^K°{BZ n p f/P - 

We have already seen that the middle vertical map is surjective with free abelian 
target, hence split surjective. Let K be the kernel of i°. Then by the Snake Lemma, 
there is a short exact sequence 

— > K — > im cp° -¥ coker((,°) 0. 

As we noted above, im ip° = (Zp)^ -1 ^ and coker (t°) is a finite abelian p-group. 
Thus K is also isomorphic to (Zp)( p_1 ) pfc . This completes the proof of assertion (ii) 



(i) This follows from assertions (ii) and (iii) 
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4. K-HOMOLOGY 



In this section we compute complex if-homology of BT and BY. Rationally this 
can be done using the Chern character of Dold [TH] which gives for every CW- 
complex a natural isomorphism 



J ff m+2i (X) ® Q A KO m (X) ® < 



/ez 



In particular we get from Theorem 12.11 (i) and (iv) 

(4.1) K m {BT) ® 

(4.2) K m {BT) ® 



We are interested in determining the integral structure, namely, we want to show 

Theorem 4.3 {K- homology of BT and BT). 

(i) For m G Z, 

Z^ ! e z r2! m even; 

zE !ez r- 2l+ i ( Z / p0a ^(p-i)p k m odd . 



K m (BT) 



(v) 



Here Z/p°° = colim^oo Z/p" = Z[l/p]/Z. 
(ii) The inclusion map Z" — ^ T induces an isomorphism 

K (BZ n p h /p ^ K (BT) 

andK Q (BZ n p ) z/p = Z^e,r2^ 
(in) There is a split short exact sequence of abelian groups 

-> (Z/p 00 )^- 1 ^ -> Xi(-BT) -> i^i(Br) -> 0. 

(w,) We /icrae 

where T 1 is the finite abelian p-group appearing in Theorem 

(v) We have 

Ki(BT) = Z^ r21 + 1 . 

(vi) The group T 1 is isomorphic to a subgroup of the kernel of 

K\{BP) ->■ Ki(BT). 

(P)ev 

Its proof needs some preparation. 

Theorem 4.4 (Universal Coefficient Theorem for if-theory). For any CW -complex 
X there is a short exact sequence 

0^Ext z (iT»_i(X),Z) -+K*(X)^hom z (K*(X),Z)^0. 

If X is a finite CW -complex, there is also the K -homological version 

Ext z (^* +1 (X),Z) K*{X) -> hom z (K*{X),Z) ->■ 0. 

Proof. A proof for the first short exact sequence can be found in [5] and (H3 (3.1)], 
the second sequence follows then from [TJ Note 9 and 15]. □ 
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Proof of Theorem \4-3\ (iv) (v) These assertions follow from Theorem 13.31 (iv) 
and (v) and Theorem 14.41 since there is a finite CW- model for BT, namely r\M". 

(iii) We will use Pontryagin duality for locally compact abelian groups. For such a 
group G, the Pontryagin dual G is hom(G, S 1 ), given the compact-open topology. 
A reference for the basic properties is [18] . These include: G is also a locally com- 
pact abelian group. The natural map from G to its double dual is a isomorphism. 
G is discrete if and only if G is compact. If — > A — > B — >C^-0is exact, then so 
is ^ C — s- £> — >v4— s-0. Our primary example of duality is 

Z/p°° = Zp. 

Here Z/p°° is given the discrete topology and the p-adic integers Zp are given the 
p-adic topology. This statement is included in |18l paragraph 25.2], but also follows 
from the following assertion proved in [25] 20.8] if Hi — > H2 — > H 3 — > ■ ■ ■ is a 
sequence of maps of locally compact abelian groups, then 

colim_ff„ = lim H n 

n— >oo n—¥oo 

We will now give the computation of (BZ jp) . The Atiyah-Hirzebruch Spectral 
Sequence shows that Ko(BZ/p) = 0. Vick [23] shows that K\(BG) is the Pontrya- 
gin dual of K (BG) for any finite group G. Applying these facts to G = Z/p we 
get (see also Knapp [221 Proposition 2.11]) 



(4.5) K m {BZ/p) £* 



(Z/p 00 )?- 1 if mis odd; 
Z if m is even. 



Thus the long exact K- homology sequence associated to the cellular pushout (I1.13[) 
reduces to the exact sequence 

(4.6) -»• K {BT) ^ K (BT) % K\(BP) K\ (BT) ^ Ki[BT) -> 0. 

(P)ev 

Note that imSo is a finite abelian p-group, since it is a finitely generated subgroup 
of the p-torsion group 

Ki{BP) S (Z/p 00 )^ 1 ^. 
{P)ev 

Dualizing the exact sequence 

-> imd -> (Z/p 00 )^ 1 ^ -> im^ -> 0, 

we see that im^o has finite p-power index in (Zp)^" 1 ^ hence is itself isomorphic 
to (Zp)( p-1 ) pfc (compare the proof of Theorem 13.31 (iv) and (v)|. Dualizing again, 
we see im^o ^ (Z/p 00 )^' 1 ^" . 



The map f l is split surjective since its target is free abelian by assertion (v) 



(n)]The Universal Coefficient Theorem in X-theory shows that K°(BZ n p ) = K (BZ n p )* . 
In Lemma T3.5I we showed there is an isomorphism of Z[Z/p]-modules K°(BZ™) = 
(BiH 2l (Z p l ). Now we proceed exactly as in the proof of Theorem 12. ll|(ii)[ using the 
Leray-Serre spectral sequence 

Efj = H^Z/p-K^BZ^)) =► K i+j (BT). 

One shows Eq 2tti = K 2m (BZp) Ii / p is torsion-free, and for i > 0, Efj has exponent 
p and vanishes if i + j is even. Thus 

K 2m (BZ n p ) z/p = Eg 2m = E^ 2m A- K 2m (BT). 
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By Remark IA.2I and the Universal Coefficient Theorem, (K2 m (BZ") z / p ) 
K 2m (B1 n p ) z lv which is isomorphic to Z^'« r2! by Lemma 1531(71 



(i) This follows from assertions (ii) (hi) and (V 



(vi) This follows from assertion (iv) and the exact sequence (|4.6[) . This finishes the 
proof of Theorem 14.31 □ 



5. i*T 0-COHOMOLOGY 

In this section we compute real A-cohomology KO* of BT. 

Recall that by Bott periodicity KO* is 8-periodic, i.e., there is a natural iso- 
morphism KO m (X) = KO m+s (X) for every m £ Z and CW-complex X, and 
KO~ m {*) is given for m = 0, 1, 2, ... 7 by Z, Z/2, Z/2, 0, Z, 0, 0, 0. We will 
assume from now on that p is odd in order to avoid the extra difficulties arising 
from the fact that KO m (*) = Z/2 for m = 1, 2. 

Theorem 5.1 (i-TO-cohomology of BT and BT). Let p be an odd prime and let m 
be any integer. 



KO m (BT) = 



(®iezKO m - l {*) ri ) © (Zp)P k( -P-V/ 2 m even; 
®i £Z KO m - l (*) r ' m odd. 



(ii) There is a split exact sequence of abelian groups 

-> {ZpY'"^- 1 ''/ 2 -> K0 2m {BT) -> K0 2m {BZ^) z / p -> 0, 



and K0 2m (BZ p l ) z ^P = ® leZ K0 2rn - l (*) 



(in) Restricting to the subgroup Z™ o/ T induces an isomorphism 
K0 2m+1 {BT) K0 2m+1 {BZ n p f/ p . 

and K0 2m+1 {BZ n p f/P ;eZ ^o2m+l-i ^y, . 
/w/ We Ziaue 

#0 2m (j?r) S /eZ /YO 2m -'(*) r! . 

ft;,) We /lave 

K0 2ra+1 (Br) s [@xo 2m + 1 - i (*p J ©T0 2m+1 , 

where T0 2m+1 is a finite abelian p- group for which there exists a filtration 

— J u l 2 ->•••-> J °'[(, l +4-(-l)'»)/4] — U 

sucA f/iaf T0 2m+1 /T0 2 ™ +1 = (Z/p) to > Was /or integers to, which satisfy 
<toi < p k - s 4i+( _ 1)m . 
(m,) XTie map K0 2rn+1 (BT) — > K0 2m+1 {BY) induces an isomorphism 

K0 2m+1 (BT)/p- torsion ■=> AX> 2m+1 (Br). 

iis kernel is isomorphic to T0 2m+l and is isomorphic to the cokernel of 
the map 

K0 2m (BT) -> K0 2m {BP). 

(P)ev 
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Lemma 5.2. Let p be an odd prime. In the Atiyah-Hirzebruch spectral sequence 
converging to K* (BT) after localizing at p 



(p) 



Z r ,\ i even,j = (mod 4); 

Z r ( ' p) © (Z/pY'i i odd, i > 3, j = (mod 4); 

i = l,j = (mod 4); 

j ^ (mod 4), 



where < t^ < p k — Si . 

Proof. Because of Theorem l 1 . 7| (i) | the E^-term of the spectral sequence converging 
to K*(BT)( p -) is given after localization at p by 

{E?j) {p) =H\BT-KOi{*)) {p) 

i even, j ' = (mod 4) ; 
Z r {p) © {Z/p)P k - s > iodd, i>3,j = (mod 4); 
i = lj = (mod 4); 

j ^ (mod 4). 

The rest of the proof is analogous to the proof of Lemma 13.41 □ 

Lemma 5.3. Let p be an odd prime. For every ra£Z, there are isomorphisms of 
TL\Ljp\ -modules 

KO m {B1 n p ) ® Z[l/2] = H l (BZ n p ) © KO m ~ l (*) ® Z[l/2] 

KO m {Bir p ) g> Z[l/p] = H l (BZ^) © KO m - l (*) © Z[l/p] 

Proof. Since -ftTO*(A)©Z[l/2] is a generalized cohomology theory with torsion-free 
coefficients, the Chern character and Lemma 13.61 give the first isomorphism. 
One proves that there are isomorphisms of abelian groups 

KO m {BZ n p ) £ H i {BZ n p ) © KO m - l {*) 

by induction on n using excision and the fact that BIT 1 = S 1 x BU 1 ^ 1 . It fol- 
lows that the Atiyah-Hirzebruch spectral sequence Elf = H*(BZ n ; (*)[l/p\) =>■ 
KO l+J ; (BZ") [1/p] collapses. This spectral sequence is natural with respect to auto- 
morphisms of Z™. Hence we obtain a descending filtration by Z[l/p][Z/p]-modules 

KO m {BZ n p )[l/p] = F°> rn D F l ' m ~ l D F 2 '™- 2 D ■ ■ ■ D F m >° D F m+1 ^ x = 

and exact sequences 

F i+1 ' m - < - 1 -> F i,m ~ i J[> iT(Z") © iT"~ l (*) © Z[l/p] 0. 

It thus suffices to show that these exact sequences split over Z[l/p][Z/p] for all 
i. If m- i = 3,5,6,7 (mod 8), this follows from the fact that KO m - l {*) = 0. If 
m-i = 0,4 (mod 8), then K m ~ l {*) = Z and ir(Z")©iT"- 4 (*)©Z[l/p] is a finitely 

generated Z[l /p]-torsion free module over the ring Z[l /p] [Z/p] ^> Z[l /p] x Z[l /p] [£] , 
hence is projective. Finally, suppose m — i = 1,2 (mod 8). Since the Atiyah- 
Hirzebruch spectral sequence collapses, there is a homomorphism of abelian groups 
s: iT(Z") © K rn ' l (*) © Z[l/p] F i ' m ^ i so that vr o s = id. Define 

s; H l {Z n p )®K m - l {*)®Z[l/p] -^F l < m -\ x h> ^ g ■ 8{g~ x x). 

gez/p 
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Then s is a homomorphism of Z[Z/p]-modules and 7r o s is multiplication by p and 
hence is the identity since K m ~' l (*) = Z/2. □ 

Lemma 5.4. Let p 6e an ode? prime. 

(i) For every m £ Z, there is an isomorphism of abelian groups 

KO m {BZ n p f/ p = 0ra m - | (*) r '. 

(ii) 

(Z/p)^!ez a J+ 4! i+jeven, 



H i (Z/p;KO s (BZ$)) = H l {Z/p- W +il {Z n p )) = 



/t: 



i+j odd. 



fiiij AZZ differentials in the Leray-Serre spectral sequence associated to the ex- 
tension ([l.ip converging to KO*(BT) vanish. 
Proof, (i) It suffices to show the isomorphism exists after inverting 2 and after 
localizing at 2. Furthermore, if M is a Z[Z/p] -module, then M z / p ® Z[l/2] = 
(Af (8) Z[1/2]) z /p and M z /p ® Z (2) = (M ® Z (2) ) z/p since localization is an exact 
functor. The assertion then follows from Lemma 15.31 and the definition of the 
numbers r\. 



(ii) Since Z[l/2] C Z( p ), Lemma \5 . 3 1 implies that 

KO\BlT p ) ® Z (p) = 0IF+ 4i (BZ") ® Z(p). 



The first isomorphism in assertion (ii) then follows since localization is an exact 
functor and the Tate cohomology groups are p-torsion. The second isomorphism 



follows from Lemma 11.101 (f 



(iii) First note that the Leray-Serre spectral sequence converges with no lim 1 -term, 
see [321 Theorem 6.5]. 

It suffices to prove the differentials vanish after inverting p and after localizing 
at p. If we invert p, the claim follows from 

E 2 3 1 1 Iv\ = H 1 (Z/p; KO 3 {BZ n p )) [1/p] = for i > 1. 

If we localize at p, the proof that the differentials vanish is identical to the proof of 



Lemma 15751 (iii) □ 



Proof of Theorem \5.1i (iv) We first note that Proposition IA.4I and Lemma 15.41 (i) 
imply that for all m £ Z, the kernel and cokernel of the composite 

(5.5) KO rn {BT) -> KO m {BT) -> KO m {BZ n fl p = ®i^KO m - 1 {*) ri 



arc finitely generated p- groups. This implies that the desired isomorphism holds 
after inverting p. It holds at p by Lemma [ 



(iii) As in the proof of Theorem 13.31 one shows that the map 

L m. KO m^ BT ^ KO m (B'L r p L f /p 

is an isomorphism for to odd and an epimorphism for to even. 

(v)|(vi) Since p is odd, every non-trivial irreducible Z/p-representation is of complex 



type. Hence we get from gUl Remark on page 133 after Proposition 2.2] that 
K0 T/ P (*) ~ KO rn {*) © K m (*) <g) I R (Z/p). The Atiyah-Segal Completion Theorem 
for KO* (see [8]) implies 



(5.6) KO {BZ/p) 



I R (Z/p) ® Zp S (Zp)^- 1 )/ 2 to even; 
otherwise. 
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The cellular pushout (jl.l3[) yields for to G Z a long exact sequence 



(5.7) -> K0 2m {BT) l—> K0 2m (BT) ^> K0 2m {BP) 

(P)ev 

£^ K0 2m + l (BT) K0 2m+l {BT) -> 0. 

Define T0 2rn+1 to be the kernel of the surjection f 2m+1 _ Since f 2m+l [ s an isomor- 



phism after inverting p by (|5.5[) and assertion (hi) T0 2m+1 is p-torsion. We next 



claim / + is split. We only need verify this after localizing at p in which case it 



follows since K 2m+1 (£?r)®Z( p ) is free over Z( p ) by assertion (hi) and Lemma l5~I (i) 
Finally, the stated filtration of T0 2m+1 is a consequence of Lemma \57Z[ The com- 
pletes the proof of assertion (v) Assertion (vi) is a consequence. 



(ii) The proof of this is identical to that of Theorem I3.3l|(ii)[ the only missing part 



is to show the epimorphism 



L 2m . K0 2m (BT) -> K0 2m (BZ n p f/ p 



is split. At p, this follows since K0 2m (BZ n p ) z /P ® Z (p) is free over Z (p) . After 
inverting p, the splitting is provided by composing the inverse of the composite 
(|53)1 with the map K0 2m (BY) [1/p] -» K0 2m {BY) [1/p]. □ 

6. -fCO-HOMOLOGY 



In this section we want to compute the real if-homology KO* of Br and BT. 
Rationally this can be done using the Chern character of Dold [16] : for every CW- 
complex there is a natural isomorphism 



H m+Al {X) ® Q ^ KO m {X) 



In particular we get from Theorem 12.11 (i) and (iv) 

(6.1) KO m (BT)<E)Q = QS !ez 

(6.2) KO m (BT)®Q = 

We are interested in determining the integral structure. 

Theorem 6.3 (XO-homology of BT and BT). Let p be an odd prime and to be 
any integer. 

ft) 

KO (BD = i Z ' Ele ' ir21 meVen; 

' \l^ le ^2 l + l ( Z / p oo)p*(p-l)/2 modd . 

(ii) The inclusion map Z™ — > T induces an isomorphism 



K0 2m {B1 n p ) z/p ^ K0 2m (BT) 

and K0 2m (BZy) z/p SS Q) leZ K0 2m -i(*) r ' ■ 
(Hi) There is a split short exact sequence of abelian groups 

o -> (z/p 00 )"*^- 1 )/ 2 -> xo 2m+1 (sr) -». ^o 2m+1 ( ; Br) -> o. 

(u>,) We have 



K0 2rn (bt) = (0iro 2m _K*) ri j 

V/gz / 



TO 



2m +5 



where TO 2m + 5 zs £/ie finite abelian p-group appearing in Theorem \5.1\ (v) 
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(v) We have 

K0 2m+l {BT) £* 0iro 2m+1 _;(*) ri . 

(vi) The group T0 2m+5 is isomorphic to a subgroup of the kernel of 

K0 2m+1 (BP) K0 2m+1 (BT). 

(P)ev 

Theorem 6.4 (Universal Coefficient Theorem for ifO-theory). For any CW- 

complex X there is a short exact sequence 

->■ Ext z (KO n+3 {X),Z) ->• KO n (X) -> hom(^0„+4(X),Z) 0. 

//X is a finite CW -complex, there is a short exact sequence 

Ext z (^0™ +5 (X),Z) KO n (X) -> hom z (JiX> ,l+4 (A),Z) 0. 

Proof. A proof for the first short exact sequence can be found in [5] and [3H1 (3.1)], 
the second sequence follows then from [TJ Note 9 and 15]. 

□ 



Proof of Theorem \6.3\ (iv) (v) These assertions follow from Theorem 15.11 (iv) 



and (v) and the Universal Coefficient Theorem for iCO-theory 



(ii) There are natural transformations of cohomology theories i* : KO* — > K* and 



r* : K* —5- KO* , induced by sending a real representation V to its complexification 
C <8>r V and a complex representation to its restriction as a real representation. The 
composite r* of: KO* — > KO* is multiplication by two. Since the map 

K {BZ n p ) z/p A K (BT). 



is bijective by Theorem 14.31 (ii) the map 

K0 2m (BZ n p ) z/p A K0 2m (BT) 

is bijective after inverting 2. In order to show that it is itself bijective, it remains 
to show that it is bijective after inverting p. This follows from Proposition IA.4[ 

Since we are dealing with ifO-homology, the Atiyah-Hirzebruch spectral se- 
quence converges also for the infinite-dimensional CW-complex BY. Because of 
the existence of Dold's Chern character, all its differentials vanish rationally. For 
raeZwe have H2 m {BT) = Z r2m by Theorem 12.11 Hence we get for an odd prime 
p since KO m (*)^ is Z( p ) for m = (mod 4) and otherwise 

K0 2m (BT) {p) Si (1 [v) )T. l& r 2m+il , 

We conclude that 

K0 2m {BT) s0A-O 2m -i(*) r '; 
holds after localizing at p. It remains to show that it holds after inverting p. This 



follows from Proposition IA.4I and assertion (iv) 



(iii) The Atiyah-Hirzebruch spectral sequence shows that K02m{B'L/p) = for all 



m G Z. The methods of [33] together with the Universal Coefficient Theorem for 

— ; — 2m 

KO-theory show that K02m+s,{BG) is the Pontryagin dual of KO [BG) for any 

finite group G. Applying these facts to G = 1jp for an odd prime p, we see 



KO m {BZ/p) 




)(p-i)/2 m odd; 

m even. 
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Thus the long exact if O-homology sequence associated to the cellular pushout (I1.13[) 
reduces to the exact sequence 



f 3 



(6.5) -> K0 2m (BT) m> K0 2m {BT) 



<P2n 



^> K0 2m -i{BT) 



> K0 2m -i{BP) 
(P)ev 

7-2 



0. 



K0 2m -i(BT) 

Note im d 2m is a finite abelian p-group, since it is a finitely generated subgroup of 
the p-torsion group 

K0 2m ^{BP) = (Z/p 00 )^- 1 ^/ 2 . 



Thus im tp 2m -i — (Z/p°°)( p ^ p I 2 (compare with the proof of Theorem 13.31 (iii) I. 
It remains to see that f 2 m-i splits, which we verify at p and away from p. The 



target of / 2m _i is free after localizing at p by assertion (v) so it splits. After 
inverting p, the exact sequence 16.51 shows that f 2m -\[^ / p] is an isomorphism. 



(i) This follows from assertions (ii) (iii) and (v) 



(vi) This follows from assertions |(ii)| and (iv) and the long exact sequence (|6.5[) . 
This finishes the proof of Theorem 16.31 □ 

7. Equivariant X-cohomology 

In the sequel an equivariant cohomology theory is to be understood in the sense 
of [551 Section 1]. Equivariant topological complex if -theory K* is an example 
as shown in [5j|l Example 1.6] based on [32]. This applies also to equivariant 
topological real if -theory KO*. 

Rationally one obtains 

K$(ET)®Q = q(f- 1 )p"+£i 6 7.'-*; 



from [32j Theorem 5.5 and Lemma 5.6] using Theorem 11.71 (iv) and Lemma [1.91 
We want to get an integral computation. Recall that we have computed X^ez r21 
and X)/gz r 2i+i m Lemma ri.22l|(ii)[ 

Theorem 7.1 (Equivariant if -cohomology of ET). 

(i) 

K m (ET) £ {% (p ~ 1)pk+ ^ T21 rn even; 
r { ~ ' yz^iez^w m dd. 

(ii) There is an exact sequence 

-> K°(BT) -> K^(ET) -> I C (P) -> T 1 -> 0, 

where T 1 is the finite abelian p-group appearing in Theorem 

(iii) The canonical maps 

Kh(ET) A" 1 (Br); 

if^BL) ^> K^BI^f/P, 

are isomorphisms. 
In the sequel we will often use the following lemma. 
Lemma 7.2. 
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(i) LetTL* be an equivariant cohomology theory in the sense of |291 Section 1]. 
Then there is a long exact sequence 

. . n m (BT) n^{EY) ^ v"p (*) 

(P)ev 

-> n m+1 (BT) indr ^ 1 > wj^qst) • • • 

where is i/ie cokernel of the induction map indp_>i : TL m (*) — > 

Wp(*) and the map ip m is induced by the various inclusions P — > T. 
The map 

ind r ^x[l/p]: H m (BT)[l/p] -> «?(£r)[l/p] 
is sp/zi injective. 

(ii) Let TL[ be an equivariant homology theory in the sense of 27, Section 1]. 
Then there is a long exact sequence 

■ ■^< +1 (Br)^-w m+1 (5r)^ 

(P)ev 

n r n{m i^i, HmG B r) . . . 

where is i/ie kernel of the induction map indp^i : H^*) — > T-L m {*) 

and the map tp m is induced by the various inclusions P — > T. 
The map 

ind r -i[l/j>]: n r m {EY)[l/ V ] -+ n m (BT)[l/p] 
is split surjective. 



Proof, (i) From the cellular T-pushout (jl . 12|) we obtain a long exact sequence 

(7.3) ► H?(ET) -y H?(ET) ® U^ l {T/P) 

(P)ev 

-> H? l (rxpSP) -> H" +1 ( : Br) -> H" +1 (sr)© H" +1 (r/p) 

{P)er (P)ev 
From the cellular pushout (|1.13[) we obtain the long exact sequence 

(7.4) — >n m {B_r) ^n m (BT)® n m (*) 

(P)er 

-> H m (BP) -> % m+1 (BT) — > H rn+1 (-Br) © ^ m+1 (*)^---. 

(P)eP (P)ep 

Induction with the group homomorphism r — >• 1 yields a map from the long exact 
sequence (|7.4p to the long exact sequence (|7.3p . Recall that the induction homo- 
morphism T-L m (T\X) — >• H™(X) is an isomorphism if T acts freely on the proper 
r-CW-complex X. Therefore the maps 

U m {BP) ^ QHFpXpEP); 

(P)ev {P)ev 

H m (BT) Wp{ET), 
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are bijective. Hence one can splice the long exact sequences (|7.3I) and (|7.4[) together 
to obtain the desired long exact sequence, after noting the commutative diagram 



indp 



U™{T/P)< 

indp^r — 

n n P i (*) t indp ^ w n {*) 

We have the following commutative diagram, where the vertical arrow are given 
by induction with the group homomorphism r — > 1 



Uf{ET) 



-> H m (BZ n ) 



->^(r X Z n EZ") 



The upper horizontal arrow is split injective after inverting p by Proposition lA.4l 
The right vertical arrow is bijective since T acts freely on T Xz» EU L . Hence 
n m {BT) -> Wp{ET) is injective after inverting p. 



(ii) The proof is analogous to the one of assertion (i) This finishes the proof of 



Lemma 17.21 



□ 



Proof of Theorem\71\ Recall that K°(T/P) = R C (P) and K^(T/P) = 0. Hence 
we obtain from Lemma l7.2l (i) the long exact sequence 



(7.5) -> K"(BT) K^(ET) 



R C (P) -> K\BT) -> Kl{ET) -> 0, 

(P)e-P 



where Rc{P) is the cokernel of the homomorphism i?c(l) Rc(P) given by 
restriction with P — )• 1. Notice that the composite of the augmentation ideal 
Ic(-P) — > Rc(P) with the projection Rc(P) — > Rc(P) is an isomorphism of finitely 
generated free abelian groups 

(7.6) I C (P) A R C {P) 

and that Ic(-P) is isomorphic to Z p_1 . 

|(iii) We have already shown in Theorem 13.31 (iii) that the map K 1 (BT) ^> 
K\BZ n p )' l / p is bijective and that K 1 (BT) S zSwez^i+i, Hence it remains to prove 
that the composite 

Ki(ET) -> Ki(ET) K 1 (BT) 

is bijective. We obtain from (J3T5J) and (|7.5[) the following commutative diagram 
with exact rows 



e 



Rc(P) 



if 1 (Br) >^ r (^ r ) 



->0 



id 



e (p)eP K°(BP) > a: 1 (Br) > i^ 1 (Br) 



-^0 



By the five lemma it suffices to show that the map 

ker (if 1 (BT) -> if r (£T)) -» ker (if 1 (Br) ->• A -1 (Br)) 



is surjective. We conclude from Theorem 13.31 (vi) that the kernel of if 1 (Br) — > 
if 1 (Br) is the finite abelian p-group T 1 appearing in Theorem 13.31 (v) Hence it 
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remains to show for every integer I > that the obvious composite 

R C (P)^ K°(BP)^ ( K°(BP)) U. ( K°{BP) 

is surjective. By the Atiyah-Segal Completion Theorem the map Rc(P) K°(BP) 
can be identified with the map 

id ®i : Z © I{Z/p) -> Z © (7(Z/p) <g> Zp) 

Hence it suffices to show that the composite 

Z -4 Zp -> Zp/p l Zp 

is surjective. This is true since the latter map can be identified with the canonical 
epimorphism Z — > Zjp . 

(ii) This follows from Theorem 13.31 (vi) the long exact sequence (|7.5p , the isomor- 



phism (|7.6p and assertion (iii 



(ii) 



MWe have shown K°(BT) ~ Z^>^ r21 in Theorem ET5l[(iv)j We have I(Z/p) ^ 
Z^" 1 )/ 2 . The order of V is p by Lemma ll.9l|(iv)| Hence we conclude from asser- 
tion 



The computation of Ky(ET) follows from Theorem 13.31 (iii) and assertion (iii) □ 



Remark 7.7 (Geometric interpretation of T 1 ). The exact sequence appearing in 
Theorem 17.11 (ii) has the following interpretation in terms of equivariant vector 



bundles. Since L is a crystallographic group, V acts properly on R™ such that this 
action reduced to Z™ is the free standard action and K™ is a model for ET. Hence 
the quotient of Z n \R ra is the standard n-torus T n together with a Z/p-action. There 
is a bijection 

coming from the fact that (R™) p consists of exactly one point for (P) 6 P. In 
particular (T ra ) Z//p consists of p k points (see Lemma LO](v)| ) Hence for any complex 
Z/p- vector bundle £ we get a collection of complex Z/p- representations {£ x | x G 
{T n f/P} satisfying dim c (£x) = dim c (£ y ) = dim(f) for x,y G (T") z /p. This yields 
a map 

P:K° z/p (T n )^ I C (P). 

Pe(P) 

sending the class of a Z/p- vector bundle £ to the collection — dim(£) • [C] | x G 
(T n f/P}. Let 

a:X°((Z/p)\T») 

be the homomorphism coming from the pullback construction associated to the 
projection T n (Z/p)\T n . We obtain the exact sequence 



K° Z/P (T" 



0^ K°((Z/p)\T 7 ' 



K° z/p (T n ) 



/3, 



7 C (P)^T 1 ^0 

(P)e-P 



which can be identified with exact sequence of Theorem 17.11 (ii) 



Thus the group T 1 is related to (stable version of) the question when a collection 
of Z/p- representations {V x \ x G (T") z/p } with dim c (T4) = dim c (V^) for x, y G 
(T™) z / p can be realized as the fibers of a Z/p-vector bundle £ over T n at the points 

in (r) z /p. 

Moreover, a Z/p-vector bundle over T™ is stably isomorphic to the pullback 
of a vector bundle over (Z/p)\T n if and only if for every x G {T n f/P the Z/p- 
rcpresentation £ x has trivial Z/p-action. 
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EQUIVARIANT if-HOMOLOGY 



In the sequel equivariant homology theory is to be understood in the sense 
of [27l Section 1]. Equivariant topological complex if-homology is an example 
(see [2], [331 Section 6]). The construction there yields the same for proper G- 
CW-complexes as the construction due to Kasparov [21 . It is two-periodic. For 
finite groups G the group K®(*) is Rc(G) for even m and trivial for odd m. 

We obtain from [281 Theorem 0.7] using Lemma ll.9l an isomorphism 



K m (BT) 



K m (*) ® 7 C (P) 
(p)ev 



= Kf n (ET) 



and hence from Theorem 

(8.i) k^(et) 



(z[i/p]) (p - 1)pk+12 ' r2 ' 

(Z[l/p]) E '^ +l . 



(8.2) K\(ET) 

We want to get an integral computation. 

Theorem 8.3 (Equivariant K- homology of ET) . 
(i) We have 

r Z (p-i)p fc +E ;ez ^ 

kE.(et) = < _ 

(ii) There is a natural isomorphism 

K^(ET) A hom z (K^{ET),Z). 

(Hi) The map Kf(ET) — > Ki(BT) is an isomorphism. 
There is an exact sequence 

0^ R C {P) ^ K^EV) K (BT) ^ 0, 



m even; 
m odd. 



(P)e-P 

where Rc(P) is the kernel of the map Rc(P) 
[C <8>cp V] . It splits after inverting p. 



i?c(l) sending [V] to 



Its proof needs some preparation. 

Lemma 8.4. Let G be a finite group. Then there is an isomorphism of Rc(G)- 
modules 

Rc{G) -^hom z (i? c (G),Z) 

which sends [V] to the homomorphism Rc(G) — > Z, [W] *-> dimc(homcG(^ W)) ■ 
Here R C (G) acts on hom z (R c (G);Z) by ([V] ■ (f>){[W]) := <f>([V*] ■ [W]). 

In particular we get for any Rc(G)-module M a natural isomorphism of Rc{G)- 
modules 

Ext^ c(G) (M, Rc{G)) ^ Exti(M, Z) for i > 0. 
Proof. See [33 2.5 and 2.10]. □ 

Theorem 8.5 (Universal coefficient theorem for equivariant K-theory). Let G be 

a finite group and X be a finite G-CW -complex. Then there are for n £ Z natural 
exact sequences of Rc(G) -modules 

-> Ext i?c(G) (/f I ( f_ 1 (X), J R c (G)) K£(X) hom Rc{G) (K^(X),R c (G)) 0. 

and 

Ext i?c(G) (^+ 1 (X), J R c (G)) -> K°{X) hom Rc{G) (KZ(X),Re(G)) 0. 
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Proof. The first sequence is proved in |10) . The second sequence follows from the 
first by equivariant S-duality (see [35] > [IS]). □ 
Proof of Theorem \8.3i (ii) Since Z n acts freely on ET, induction with T — > Z/p 
induces isomorphisms 

<{ET) ^ KfJP(Z n \ET); 
K% /p (Z n \ET) A K?(ET)- 

Since Z n \ET is a finite Z/p-GW-^-complex, we obtain from Lemma [8.41 and Theo- 
rem [ST5J the exact sequence of i?c(Z/p)-modulcs 

-> Vxtl(K^{Z n \ET),Z) ->• Kf/P(Z n \ET) -> hom z (XJ /p (Z n \Sr) > Z) -)• 0. 

(Another construction of the sequence above will be given in [ID]-) Hence we get 
an exact sequence of i?c(Z/p)-modules (see also [35j Proposition 2.8]) 

->■ Extz(i^ +1 CEr),Z) -> Kl(ET) -> hom z (K£(ET),Z) 0. 

Since ifp +1 (£T) is a hnitcly generated free abelian group for all n £ Z by Theo- 
rem EU we obtain for n € Z an isomorphism of i?c(Z/p)-modules 

K T n {EY) ^ hom z (if r , 1 (Sr),Z) 
[(!)] Apply Theorem 17.11 (i) and assertion (ii) to get the concrete identification of 



(iii) From Lemma 17.21 (ii) we obtain a long exact sequence 



(8.6) o -> #f(£T) -> i^i(sr) -> ^o /p (*) (^ r ) -> #oG£T) ->• o. 

(p)ep 

where -K"q^ p (*) is the kernel of the map K^ p (*) — > Kq(*) coming from induction 
with Z/p — > 1. Since Kl(ET) and Ki(BT) are finitely generated free abelian 
groups of the same rank by assertion (i) and Theorem 14. 3j ( v) | and Q)(p) eV K^ p (*) 



is torsion free, the map Kf(ET) — > Ki(BT) is bijective and we get a short exact 
sequence 

^o /P (*) "> K^ET) -> K (Sr) 0. 

(P)e-p 

□ 



9. Equivariant ^O-cohomology 

Recall that equivariant topological real i-TO-theory KO* is an equivariant co- 
homology theory in the sense of [29l Section 1]. It is 8-pcriodic. Recall also that 
equivariant topological real if-homology KO\ is an equivariant homology theory 
in the sense of [S7J Section 1]. It is 8-periodic. 

We first give some information about KO^(*) and KOq(*) for finite G. We 
have KO^(*) = KC>Q m (*) If G is a finite group, then we get for m E Z 

KO G m (*) S KO%(*) = K m (RG) 

where K m (M.G) is the topological if-theory of the real group C*-algebra W.G. Let 
{Vi | i = 0, 1, 2, . . . , r} be a complete set of representatives for the RG-isomorphism 
classes of irreducible real G-representations. By Schur's Lemma the endomorphism 
ring Di = endRc(Vi) is a skewfield over R and hence isomorphic to R, C or H. 
There are positive integers fcj for i € {0, 1, . . . , r} such that we obtain a splitting 

r 

KG=n^MA). 

i=0 
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Since topological if -theory is compatible with products, by Morita equivalence we 
obtain for m € Z an isomorphism 

r 

(9.1) K m (MG) £* Y[K m (Di) 

i=l 

The real if -theory of the building blocks are given by KO m (M.) = KO m (*), KO m (C) 
— K m (*), and KO m (M) = KO m+ 4(*). If G = Z/p for an odd prime p and we take 
for Vq the trivial real Z/p-representation K, then r = (p — 1)/2, Z?o = K and Di = C 
for i G {1, 2, . . . {p - l)/2}. This implies 

(9.2) Kolln*) - KO ro (*)e^ ro (*)^/ 2 . 

(9.3) KOl) p (*) £* ^0_ m (*)©if_ m (*)(P- 1 ^ 2 . 

Let KoJ^{*) be the kernel of the map KOm P (*) — > i^O TO (*) given by induction 
with Z/p — > 1. This corresponds under the isomorphism (|9.2I) to the obvious pro- 
jection of KO rn (*) © if m (*) (p ~ 1)/2 onto i*TO m (*). Let ~KO^ /p (*) be the cokernel 
of the map KO m (*) —> KO^ p (*) given by induction with Z/p — > 1. This cor- 
responds under the isomorphism (|9.3I) to the obvious inclusion of ifO_ m (*) into 
ifO_ m (*) © JfO_ m (*) (p ~ 1)/2 . Hence we get 

(9.4) K0T(*) = ^ m (*) (p ~ 1)/2 ; 

(9.5) *d£/ P (*) = ^- m (*) (p - 1)/2 ; 

This implies 

(9-6) #O m * Sl% * =<! ' 

/F m odd. 



We conclude from [29, Theorem 5.2] using Lemma fQl (i) for m € Z 
Again we seek an integral computation. 

Theorem 9.7 (Equivariant KO-cohomology). Let p be an odd prime and let m be 
any integer. 



Z P k ( P -i)/2 e KO m - l {*) r * m even 



('mJ jjj^Q2m+i j s the finite abelian p- group appearing in Theorem \5.l\(v)\ then 
there is an exact sequence 

o -> iro 2m (Br) -> ifO?. m (Er) -> Sro^(*) -> to 2 " 1+1 -> o. 

(P)ev 

(Hi) The canonical maps 

K0 2 T m+1 {ET) A K0 2m+1 {BT); 
K0 2m+1 (BT) A K0 2m+1 {BZ^ p , 
are isomorphisms. 
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Proof, (iii) Lemma 17.21 (i) together with (|9.6[) implies that there is a long exact 
sequence 

(9.8) -> K0 2m (BT) -> KOl m (ET) -> TW^J p {*) 

{P)ev 

K0 2m+1 {BT) -> K0 2 T m+1 {ET) -> 0, 

and that the kernel of the epimorphism K0 2m+1 {BT) -> K0 2m+1 (ET) is a finite 
abelian p-group. 

For m G Z the composite 



2m+l 



(fir) 



jfC^ n+1 ( l Er) 



2m+l 



(BT) 



is surjective and has a finite abelian p-group as kernel by Theorem 15. II (vi) Hence 
the map (3 is surjective for all m G Z. Since a is surjective by (|9.8[) . the map 
ker (ft o a) — > ker (/3) is surjective and hence the kernel of j3 is a finite abelian 
p-group. 

The following diagram commutes 



2-id 



KO 



2m + 1 



(£r) 



(BT) 



-4 if 2^+1 



-4 A'O^+i 



(ET) 



K 2m+1 {BT) > K0 2m+1 (BT) 



2-id 



where the left horizontal maps are given by induction with R — > C, the right 
horizontal maps by restriction with M — > C and the middle vertical arrow is an iso- 
morphism by Theorem 1 7. II Hence the kernel of the epimorphism KO^ m+1 (ET) — > 
K0 2m+1 (BT) is an abelian group of exponent 2. We have already shown that its 
kernel is a finite abelian p-group. Since p is odd, we conclude that 



K0 2 T m+l 



(ET) 



KO 



2m+l 



(BT) 



is an isomorphism. 

The bijectivity of K0 2m+1 (BT) 



K0 2m+1 {B1 n ) £ lP has already been proved 



in Theorem 15.11 (iii) 



KOl m+1 {ET) is a finite 



(i) Since kernel of the epimorphism K0 2m+1 (BT) 
abelian p-group and 0( P ) eP KO^J p (*) is isomorphic to Z pK( - p ~ 1 ^ 2 by Lemma LO](iv) 
and by (I9.6[) . we conclude from the exact sequence (|9.8p that 

KOl m {ET) = K0 2m (BT) (B 1 p " {p - 1)/2 . 

Since we have already computed K0 2m (BT) and K0 2m+1 (BT) in Theorem 1531 
assertion (i) follows using assertion (iii) 

7JI)]The kernel of the epimorphism K0 2m+1 {BT) -> K0 2m+1 (BT) is isomorphic 
to T0 2m+1 by Theorem KT\\(vj\ and [(vi)] Since KO^ m+1 (ET) 



K0 2m+1 (BT) is 

bijective by assertion (iii) the claim follows from the long exact sequence (|9.8p . □ 



10. EQUIVARIANT ifO-HOMOLOGY 

We obtain from [35] Theorem 0.7] using Lemma Tl .91 isomorphisms 
KOl m (ET) ® Q = QP k (p- 1 )/ 2 +'Z,zzr il+2m . 



KO T 2m+1 {ET)®< 
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We want to get an integral computation. 

Theorem 10.1 (Equivariant K O- homology) . Let p be an odd prime and m be any 
integer. 

ft) 

KO T m {ET) = 



IP (f- 1 )/ 2 © (0™ =o KO m -i(*Y*) m even; 
(&i=o K Om-i(*) r *- modd. 



(ii) For to G Z the map KO^ m+1 (ET) 
(in) There is a short exact sequence 

-Z/p 



K0 2m +i(BT) * s an isomorphism. 



-> e (P)eP K0 2m (*) -> KO T 2m {EY) -> X0 2m (Sr) 0, 

where K0 2r ^(*) * s ^ e kernel of the map K0 2 ^(*) — > K0 2m {*) coming 
from induction with 1,/p — > 1. It splits after inverting p. 



Proof. Lemma 17.21 (ii) implies that there is an long exact sequence 

(10.2) -> KOl m+l {ET) -> ^0 2m+1 (Br) -> tf0^f(*) 

(p)ep 



^oL(^r) -> ifo 2m (sr) -> o. 



and that the map 



#or(£r)[i/ P ] A-Oi(BT)[i/p] 



is split surjective for i e Z. In particular the cokernel of K0 2m+1 (ET) — > K02 m +i(BT) 

Z/p 

is a finite abelian p-group. Since K0 2m (*) is a finitely generated free abelian group 
by (19.611 . the long exact sequence (110.2[) reduces to an isomorphism 

KO r 2m+1 {ET) ^ K0 2m+1 {ET) 
and a short exact sequence 

(io.3) o e (P)eP i?a^ W -> ^oL(^r) -> K0 2m (BT) -». o, 



which splits after inverting p. We have proven assertions (ii) and (iii) 
Since the composite 

KOf(ET) -> iff (M 1 ) -> iifOf (£T) 

is multiplication with 2 and if^^ET) is a finitely generated free abelian group by 
Theorem l8.3l the torsion subgroup of the finitely generated abelian group KOj (ET) 



is annihilated by 2 for ! gZ. Since by Theorem 16.31 (iv) 



KO%(*) ~ ZP*^; 
(P)G-P 



^o 2m (sr) = K0 2m _,(*) r - © to 



2m+5 



for a finite abelian p-group T0 2m+5 and the torsion in 

^^2— q E-Om— i(*) r * is an- 
nihilated by multiplication with 2, we get from (jl0.3l) an isomorphism of abelian 
groups 



KO r 2m (ET) = zr"<r-W © K0 2m ^{*) 



si=0 



This is the even case of assertion (i) The odd case of assertion (i) follows from 
assertion (ii) and Theorem 16.31 (v) □ 
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11. TOPOLOGICAL A-THEORY OF THE GROUP C* -ALGEBRA 

In this section we compute the topological A-theory A n (C*(L)) of the complex 
reduced group C*-algebra C*(T) and the topological A-theory KO n {C*(T; E)) := 
K n (C;(T; R)) of the real reduced group C*-algebra C*(F; E). 

The Baum-Connes Conjecture (see Conjecture 3.15 on page 254]) predicts for 
a group G that the complex and the real assembly maps 

(11.1) KZ(EG) ^ K n (C:(G)); 

(11.2) KO^(RG) ^ KO n (C;,(G;R)), 

are bijective for n € Z. It has been proved for G = T (and many more groups) 
in [19]. 

11.1. The complex case. We begin with the complex case. 

Proof of Theorem \0.3[ Because of the isomorphism (jll.ljl all claims follow from 
Lemma 11.91 (i) Lemma ll.22l|(ii)| and Theorem 18.31 except the statement that 



tfi(c;(r)) ^ Ktic^z^f/p 

is bijective. Induction with i : Z" — > T yields a homomorphism 
and restriction with i yields a homomorphism 

^ 1 (c;(r))^jf 1 (c;(z")). 

Since an inner automorphism of T induces the identity on Ki(C*(T)), these homo- 
morphisms induce homomorphisms 

l* : Ki(c*(r)) -> jf 1 (c;(z»)) z /p. 

By the double coset formula the composite t* o is the norm map 

N: A^C^Z™))^ -> A^Z?))^. 
The cokernel of the norm map is H°(Z/p; Ai(C*(Z™)). Note 

H°(Z/p; /fi(C£(ZJ)) 2 H°(Z/p; K^BZ^)) (the BC Conjecture for Z B ) 
= H°(Z/p\K l {Bl^)*) (the UCT for if -theory Oil 
= H- 1 (Z/p;K 1 {BZ^)) (Lemma El] proven below) 
= fLemma l3"31p) l. 

This implies that the norm map N and hence i* : Ki(C*(T)) ■=> Ai(C;(Z™)) z /p 
are surjective. Since source and target of t* are finitely generated free abelian groups 



of the same rank by assertion (i) and Lemma 13.51 (i) i* is an isomorphism. □ 
11.2. The real case. Next we treat the real case. 

Proof of Theorem 1 0. 61 Because of the isomorphisms (I9.6[) and (lll.2[) all claims fol- 
low from Theorem 110.11 except the claim that 



K0 2m+1 (C;(T;R)) ^ K0 2m+1 (C* r (Z^ 

is bijective. As we have natural transformations of cohomology theories i* : KO* — > 
A* and r* : A", — > KO* with r* oi* = 2 -id, Theorem l0.3 (iii) implies that the map is 
bijective after inverting 2. Since p is odd, it remains to show that it is bijective after 
inverting p. Because of the bijectivity of A0 2 m+i(C*(r;E)) K02 m +i(BT)> the 
fact that K02m+i(BZ 1 })%/ p — > K02m+i(BT) 1S bijective after inverting p (use 
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Proposition I A.4|) . the fact that norm map is always bijective after inverting p, and 
the the isomorphism (|11.2p for Z n , the claim holds. □ 

12. The group T satisfies the (unstable) Gromov-Lawson-Rosenberg 

Conjecture 

In this section we give the proof of Theorem 10.71 after first giving some back- 
ground. 

12.1. The Gromov-Lawson-Rosenberg Conjecture. For a closed, spin mani- 
fold M of dimension m with fundamental group G, one can define an invariant 

(12.1) a(M) e KO m {C* r {G);R), 

which vanishes if M admits a metric of positive scalar curvature (see [37 ). The (un- 
stable) Gromov-Lawson-Rosenberg Conjecture for a group G states that if a(M) = 
and dimM > 5, then M admits a metric of positive scalar curvature. The (un- 
stable) Gromov-Lawson-Rosenberg Conjecture is known to be valid for some fun- 
damental groups, for example, the trivial group (see |41j). for finite groups with 
periodic cohomology (see [11] and [23] V some torsion- free infinite groups, for ex- 
ample, when G is a fundamental group of a complete Riemannian manifold of 
non-positive sectional curvature (see [37]), and some infinite groups with torsion, 
for example, cocompact Fuchsian groups (see |15|). but not in general - there is a 
counterexample when G = Z 4 x Z/3 due to Schick [55] , 

There is a weaker version of the conjecture which may be valid for all groups. Let 
B 8 be a "Bott manifold," a simply-connected spin 8-manifold with ^4-genus equal to 
one. We say that a manifold M stably admits a metric of positive scalar curvature 
if M x (B 8 y admits a metric of positive scalar curvature for some j > 0. The 
stable Gromov-Lawson-Rosenberg Conjecture formulated by Rosenberg- Stolz [38) 
states that for a closed spin manifold M with fundamental group G, then M stably 
admits a metric of positive scalar curvature if and only if a(M) = 0. Since the 
Baum-Connes Conjecture implies the stable Gromov-Lawson-Rosenberg Conjecture 
(see [42], Theorem 3.10] for an outline of the proof) and T satisfies the Baum-Connes 
Conjecture, we know already that T satisfies the stable Gromov-Lawson-Rosenberg 
Conjecture. 

There are two definitions of the invariant a, one topological and one analytic. 
Let KO be the periodic spectrum underlying real X-theory, and let p : ko >■ KO 
be the 0-connective cover, that is, it induces an isomorphism on iti for i > and 
7Tj(ko) = for i negative. Then the topological definition of a(M) is the image of 
the class [/m : M — > BG] where /m induces the identity on the fundamental group 
under the composite 

(12.2) n s ^(BG) A ko m (BG) KO m (BG) A KO m (C* r (G)) 

where D is the fco-orientation of spin bordism, pbg is the canonical map from 
connective to the periodic JT-theory, and A is the assembly map. The analytic 
definition of a(M) is the index of the Dirac operator. These two definitions agree 
(see [37]). Furthermore if M has positive scalar curvature, then the Bochner- 
Lichnerowicz-Weitzenbock formula shows that the index is zero so that a (M) = 0. 

Finally, we mention one more result in our quick review, and that is the gen- 
eralization of the Gromov-Lawson surgery theorem of due to Jung and Stolz [551 
3.7]. 

Proposition 12.3. Let M be a connected closed spin manifold with fundamental 
group G and dimension m > 5. Let [f:N-> BG] £ Q^ in (BG). (Note that N 
need not have fundamental group G.) If D[/m : M — > BG] = D[f ': N — > BG] £ 
ko m (BG) and N admits a metric of positive scalar curvature, then so does M. 
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12.2. The proof of Theorem 10.71 The proof of Theorem 10. 71 needs some prepa- 
ration. 

Lemma 12.4. Let p be an odd prime. Then the map 

D: n% m (BZ/p)^ko m (BZ/p) 
is surjective for all m > 0. 

Proof. If M is a Z[Z/p]-module, then Hi(Z/p; M)[l/p] = for i > 1 and hence the 
canonical maps 

Hi(BZ/p; M) ^ Hi(BZ/p; M) {p) ^ H^BZ/p; M (p) ) 

are bijective for i > 1. We conclude from the Atiyah-Hirzcbruch spectral sequences 
that the vertical maps in the commutative diagram 

h^ in (BZ/p) > ko m (BZ/p) 



n s „r(BZ/p) {p) - > ko m (BZ/p) (p) 

are bijective for m > 0. Hence it suffices to prove the surjectivity of the lower 
horizontal map. Since p is odd, f2^ pm (*)( p ) is zero for j ^ (mod 4) and f^ pin (*)( p ) 
is a finitely generated free Z( p ) -module for j = (mod 4) (see [7]). The same is 
true for koj(*)(p\ by Bott periodicity. Hence there are no differentials in Atiyah- 
Hirzebruch spectral sequences converging to f^ p ™(i?Z/p)( p ) and koi+j(BZ/p)( p ) 
and we get for the i?°°-terms 

E% (n^CBZ/p)^) - ^(Z/p)®^ pin (*) (p) ; 
E% (to i+j (BZ/p) (p) ) <* ^(Z/p)® *»,(*)&,). 

It suffices to show that the map on the _E°°-terms is surjective for all i, j. Hence it 
is enough to show that the map 

D {p y. Qf pm (*) (p) -> koj(*) (p) 

is surjective for all j. Since fco*(*)( p ) is a polynomial algebra on a single generator 
in dimension 4, it suffices to prove -D(p) is onto when j = 4. In this case both 
^4 Pm (*) and koi{*) are infinite cyclic with the former generated by a spin manifold 
of signature 16, for example the Kummer surface K. The ^4-genus of if is 2 and 
the index of the real Dirac operator is A(K)/2 (see [24l Theorem II. 7. 10]). Hence 
D : f2 4 pm (*) — > ko4(*) is an isomorphism. □ 

Theorem 12.5 (ko- homology) . Let p be an odd prime and let m be any integer, 
(i) 

0r=o fe °m-i(*) ri m even; 

to m {BT) © (0™ =o ko m -i{*) ri ) rn odd. 



ko m {BT) 



where to m (BT) is a finite abelian p-group defined for m odd. 
(ii) The inclusion map Z™ — > T induces an isomorphism 

ko 2m (BZ r p)z/ p A ko 2m (BT) 
and /co 2 m(-BZ™) z/p ^ 0" =o ko 2m -i(*) ri ■ 
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(Hi) There is a long exact sequence 

-> ko 2m {BY) ^ ko 2m (BT) ^ ko~ 2m -i(BP) 

{P)ev 

ko 2m -i{BT) ko 2m -i{BT) -> 0. 

Hence ko m (BT)[l/p] — > fco m (Br)[l/p] is an isomorphism for m G Z. 

2m+l 

fco 2m+ i( ; Br) s fco 2m+ i- l (*) ri . 

i=0 

(wj Let to2 m (Br) = im3 2m arcd io2m-i(-Br) = ira^m-i- These are finite 
abelian p-groups. There is an exact sequence 

-> fco 2m (Br) -> ko 2m (BT) -> to 2m (Br) -> 

and an isomorphism 

n 

ko 2m+1 {BT) ~ to 2m+ i(Sr) 0/co 2m+ i_ l (*) r *. 

j=0 



Proof, (iii) The Atiyah-Hirzebruch spectral sequence implies that that ko 2m (BZ/p) 
vanishes and that ko 2m +\(B'L j p) is a finite abelian p-group. Now the claim follows 
from the long exact sequence associated to the cellular pushout (|1.13p . 
(ii) The proof is similar to that of Theorem 12.11 (ii)| We analyze the Leray-Serre 



spectral sequence associated to the extension (Q~7 

Ef d = HiiZ/nkojiBZZ)) ko l+J (BT). 

One can show analogously to the proof of Lemma 15.31 that there are isomorphisms 
of Z[Z/p]-modules 



(12.6) ko j (BZ%)®Z[l/2]S£®Hi(Z$)<&ko j -i(*)®Z[l/2] 

;=o 

n 

(12.7) b J (Bz;)«z (2) = 0fl i (z;)0b H W8Z (2) . 

;=o 

Since ko m {*)(p) is Z( p ) when m is divisible by four and vanishes otherwise, 
W +1 (Z/ P] ko 3 (BZ;)) =($W +1 (Z/p;H 3 _ 4£ (Z;)). 



This fact, the Universal Coefficient Theorem, Lemma IA.11 and Lemma 11.101 (i) 
imply H i+1 (Z/p; k 0j {BZ n p )) = when i + j is even. 

Thus i?o,2m = ^°2m(-BZ") Z/ / p maps injectively to /co 2m (£?Z™) z / p and hence is 
p-torsion-free, and for i > 0, Efj has exponent p and vanishes if i + j is even. Thus 

ko 2m (BZ") z/p = E% 2m = E™ 2m -=-> ko 2m {BT). 



Bv (fLT6)) . (fT27)) and Theorem [27X1 (i) (ii) 



fco 2m (BZ") z/p S fli(Z*) z/p ® feo 2m _ ; (*) = fco 2m _ ; (*) 



/=0 i=0 



(iv) We will compute the group ko 2m +i(BT) after localizing at p and after inverting 



p. We will begin with localizing at p. We use the Atiyah-Hirzebruch spectral 
sequence 

El, = H t (BT; feoj(*)( p )) => fco l+ ,(Br) (p) 
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for the generalized homology theory ko m (— )(p)- Note also that when i is odd, 
Theorem 12.11 (iv) states that Hi(BT) = Z r *. In particular, when i + j is odd, E\- 



spectral sequence are rationally trivial, E°° C Ef ^ and has finite p-power index 



is finitely generated free over Z( p ) . Since the differentials in the Atiyah-Hirzebruch 

Jly trivial, F°° <~ p2 

whenever i + j is odd. Hence 

ko 2m+1 (BT) {p) = 0£?5 m +i-i - (ko 2m+1 -i(*) 



(p) ■ 

i i 

Now we invert p. For any integer j > 0, 

fcoj(iir)[l/p] ^ H ( BZ ")z/p[l/p] (Proposition E3I 

= ® l H l (BlT p ) ljlv ® feOj_i(*)[l/p] (isomorphisms (TlTHl) . (IT277ll 1 



©i(*o i _ i (*) r< ) [1/p] Theorem ED(i) (ii) 



(v) The group to2 m (Sr) is a subgroup and the group to2m-i{BT) is a quotient 
group of the finite abelian p-group ko2 m (BZ/p), hence are finite abelian p-groups 
themselves. To complete the proof of assertion (v) by assertions (iii) and (iv) we 
only need prove that f 2m +i is a split surjection. This follows since ko2m+i(BT) ( p ) 
is free over Z( p ) and f2 m +i ® idz[i/ p ] is an isomorphism. 

(i) This follows from assertions (ii) and (v) □ 



Now we are ready to prove Theorem 10.71 

Proof of Theorem \0. 7[ Let M be a closed m-dimensional manifold with m > 5 and 
fundamental group tti(M) = T. Suppose that a(M) = 0. We have to show that M 
carries a metric with positive scalar curvature. 

The following commutative diagram with exact rows is key to the proof. 



©(p)e'P ko m (BP) 



■4kOm{BT) 



^ko m {BT) 



Aop BT 



Pbt 



KO m {C;(T;R)) > KO m {BT) 

where the bottom map is the composite of the inverse of the Baum-Connes map 
KO^ n {ET) -> KOF n (C; (r ; R)) (which is an isomorphism by QH) and the map 
KO^ n (EY) — > KO m (BT) coming from induction with T — > 1. The top row is exact 
by Theorem 112.51 (iii) The square commutes since the map pbv ° P equals the 
composite 

ko m (BT) -> KO m {BT) = KOf n (ET) -> KO^ET) -> KO m (BT). 

Since by assumption a(M) — 0, the image of Z?[/m : M — > BY] e ko m (BT) 
under the composite pbt ° is zero, where /m : M — > BY is the classifying map of 
M associated to wi(M) = T. 

Next we show that the map psr[l/p] is injective. Because of Proposition IA.41 
it suffices to show fco m (BZ™)g/ p [l/p] — > KO m (BZp)z/ p [l/p] is injective. Since 
p divides the order of Z/p it suffices to show that ko m (BZ n ) —> KO m (BZ n ) is 
injective. This follows from the following commutative square 

©r=o(*°m-i(*)) (?) — £->*°m(SZ n ) 



,(?) 



er= (^Om-i(*)) 



(7) 



^KO m (BZ n ) 
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since : ko m (*) — > KO m (*) is injective for all m 6 Z. This finishes the proof 
that the kernel of the map ppv consists of p-torsion. Hence /3(D[/m : M — > BT]) 6 
ko rn (BT) is p-torsion. 

Now we can finish the proof in the case that m is even. Then the map /3 is 
injective and its domain is a finitely generated abelian group without p-torsion by 



Theorem IT2.5l|(ii)| and |(iii)| Hence D[f M - M -> BT] G ko m (BT) is trivial and 
we conclude from Proposition 112.31 that M carries a metric with positive scalar 
curvature. 

Hence we will now assume that m is odd. Then the target of j3 is a finitely 



generated abelian group without p-torsion by Theorcm ll2.5 (iv) Hence the image of 



D[/m ■ M — > BT] e ko m (BT) under j3 is zero. We conclude from Theorem[12^](iii) 
that there is an element 

(xp 

(P)er 

which is mapped under ©( P ) e p ko m (BP) — > ko m {BT) to D[/m '■ M — >• BT}. Com- 
bining this with Lemma [LT41 yields elements [N P -> BP] G D^ in (BZ/p) such that 
the image of [Np BP]^ £ -p under the composite 

h s ^(BP) ^r(BT) A ko m (BT) 
(P)ev 

agrees with D [/m : M — > BT] . By surgery we can arrange that the map N P — > 
BP is 2-connected and in particular a classifying map for Np. Since m is odd, 
KO m (C*(P;B.)) — (see the beginning of Section Hence since the Gromov- 
Lawson-Rosenberg conjecture holds for manifolds whose fundamental group is odd- 
order cyclic |23) . each Np admits a metric of positive scalar curvature. Recall 

D[f M : M -> BT] = D[(U Pe{v) Np) -> (U Pe{v) BP) -> BT] 6 ko m (BT). 

Hence, by Proposition 112.31 M admits a metric of positive scalar curvature. 

Now we just need to show that the last sentence of Theorem 10.71 is valid. 

Let M be a closed spin manifold with odd dimension m > 5 and fundamental 
group T. Suppose that its p-cover M associated with the subgroup i: Z™ — > T 
admits a metric of positive scalar curvature. Then = a(M) = i*a{M) G 
KO m (C;(Z n ;M.)). Hence by Theorem l0~6l|(iii)| a(M) = 0. Hence by our argu- 



ment above, M admits a metric of positive scalar curvature. □ 

Appendix A. Tate cohomology, duality, and transfers 

Here we collect facts concerning duality in Tate cohomology, transfers in general- 
ized (co)-homology theories, and edge homomorphisms in the Leray-Serre spectral 
sequence. 

Recall that H*(G;M) denotes the Tate cohomology (see [HI VI. 4]) of a finite 
group G with coefficients in a Z[G]-module M, that H l {G;M) = H l (G;M) for 
i > 1, that M) = Zf_j_i(C?; M) for i < -2, and that there is an exact 

sequence 

-> H~\G; M) -> Mq M G -> H°(G; M) -> 0. 
Here M are the invariants of M, Mg = M®^g^ = M/ (gm — m) g ^a , m eM are the 
coinvariants of M, and A[m] = X] ff eG 5 m * s ^ ne norm map. Note M G = H°(G; M) 
and Mg = H a {G\ M). 

For a abelian group M, define the duaZ M* = homz(-M, Z) and the torsion dual 
M A = homz(M, Q/Z). Note that if M is a finitely generated free abelian group 
(respectively a finite abelian group) then there is a non-canonical isomorphism 
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M ^ M* (respectively M = M A ). If M is a left ZG-module, give M* and M A 
the structure of left ZG-modules by defining (gip)(m) := </j(g _1 m) for g E G and 
m e M. 

Lemma A.l (Tate duality). Let G be a finite group and M be a finitely generated 
ZG '-module which contains no p-torsion for all primes p dividing the order of G. 
Then for all integers i there is an isomorphism of abelian groups 

H l (G;M) = H- l {G;M*). 

Hence for all integers i > 0, 

H l+1 (G;M) Hi(G;M*). 

Proof. The Tate cohomology group H l (G\ M) is a finitely generated group of expo- 
nent \G\, hence is a finite abelian group. Thus there is a non-canonical isomorphism 
of abelian groups H l (G\ M) = H l (G; M) A . Duality in Tate cohomology shows 

H*(G;M) A ^ J tf- l - 1 (G;M A ) 

(see [HI VI. 7.3]; duality holds for any ZG-module). Let FM be M modulo its 
torsion subgroup. Then (FM)* -> M* and (FM) A ® Z ( | G | } -> M A ® Zq G \) are 
isomorphisms and 

hom z (FM, Z) hom z (FM, <Q>) hom z (FM, Q/Z) ->• 

is a short exact sequence. Thus 

ff- i-:l (G;M A ) ^H- l -\G; (FM) A ) = iH(G; (FM)*) =H-\G;M*) 

as desired. □ 

Remark A. 2. Here is a related remark. Let G = (g) be a finite cyclic group and 
M be a ZG-module. Then by dualizing the exact sequence 

M M -> M G -> 
one obtains the exact sequence 

(M G )* M* 3 1-1 > M*. 

Hence (M G )* ~ (M*) G . 

Let 7r: £ ^ B be a regular G-cover of GH^-complexes. Let a generalized 
homology theory and TL* a generalized cohomology theory. There are transfer maps 
trf * and trf * switching the domain and range of it* and tt* . Their definition is given 
in [51 Chapter 4] when B is finite and in [551 Chapter IV, 3] in general. All four 
maps are G-equivariant with respect to the induced G-action on TL*(E) and the 
trivial G-action on TL*(B) and H*(B), Hence we have maps 

7T*: H*(E) G -> H*(B) 

trf,: H*(B) -> H*(E) G 

tt*: H*(B) -> H*(E) G 

trf*: n*(E) G ^U*(B) 

The basic theorem connecting the two is this special case of the double coset formula 
[23 Corollary 6.4, p. 206]. 

Theorem A. 3. Both trf, on* and n* otrf* are given by the norm map, i.e. multi- 
plication by J2 g&G 9- 
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For ordinary (co)homology theory, 71% o trf* and trf* o tt* are both multipli- 
cation by q = |G|. This has the consequence that 7r* and 7r* are isomorphisms 
after inverting q. These last composite formulae are no longer true for generalized 
(co)homology theories, but one can say something. 

A generalized homology theory is 1 /q-local if (X) <S> Z — > H* (X) <g> T\\/q] is an 
isomorphism for all X and m. For example, for any generalized homology theory, 
'H*{X) (g>Z[l/g] is a l/g-local generalized homology theory. There is an analogous 
definition and remark for generalized cohomology theories. 

Proposition A. 4. Let G be a finite group of order q. Let and %* be 1/q-local 
(co)homology theories. Let X be a G-CW -complex and tt: X — > X the quotient 
map. 

(i) 7r m : T-[ m (X)o — > H m (X) is an isomorphism for all m E Z. 

(it) If X is a finite CW -complex, then tt" 1 : H m {X) H m {X) G is an iso- 
morphism for all m € Z. 

Proof. We give the argument only for homology, the one for cohomology is analo- 
gous. 

Given a G-CW-complex X , we obtain a natural map 



Since the functor sending a Z[l/g][G]-module M to Mq is an exact functor, the 
assignment sending a G-GVF-complex X to H*(X)g and to H*(G\X) are G- 
homology theories and j* is a natural transformation of G-homology theories. One 
easily checks that j» is a bijection when X is G/H for any subgroup H C G. 
A Mayer- Vietoris argument implies that j» is a bijection for any finite G-CW- 
complex, and, since homology commutes with colimits, j* is a bijection for any 
G-Gl^-complex. □ 

Atiyah's computation of K°(BZ/p) shows that a finiteness hypothesis is neces- 
sary for a generalized cohomology theory. 

At several places in this paper we use a property of edge homomorphisms in 
spectral sequences and we review this now. Let and T-L* be (co)homology the- 
ories. Let F — > E — >• B be a fibration. Assume that B is path-connected with 
fundamental group G. There are Leray-Serre spectral sequences 



These spectral sequences have coefficients twisted by the action of G on the (co)homology 
of the fiber, in particular 



j*:U*(X) G ^H*{G\X) 



E% j =H i (B;H j (F))=>H i+j (E) 
E% j = H l {B-W{F)) W +3 (E). 



El =H Q {G-U 3 {F))=U 3 {F) G 
El' 1 S H°{G;W(F)) = W{F) G 



The spectral sequences give maps 



h 3 {f)g = eI 




HjiE) 
El- = 



W{F) G - 



the composites are called the edge homomorphisms. 

The proof of the proposition below follows the proof in the untwisted case [121 
page 354]. 
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Proposition A. 5 (Edge homomorphisms). The edge homomorphisms 

W{E)^W{F) G 

equal the maps on (co)homology induced by the inclusion of the fiber F — > E. 
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